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■ Abstract. We investigate tree-automatic well-founded trees. For this, we introduce a new 
£\J \ ordinal measure for well-founded trees, called the embedding rank, briefly erank. The erank 

of a well-founded tree is always smaller than the ordinary (ordinal) rank of a tree. We also 
show that the ordinal rank of a well-founded tree of erank a is strictly bounded by u- (a+1). 
—j , For string-automatic well-founded trees, it was shown in 17 that the erank is always finite. 

Here, using Delhomme's decomposition technique for tree-automatic structures, we show 
1 that the erank of a tree-automatic well-founded tree is strictly below uj" . As a corollary, we 

obtain that the ordinal rank of a string-automatic (resp., tree-automatic) well-founded tree 
is strictly below co 2 (resp., u"). The result for the string-automatic case nicely contrasts a 
result of Khoussainov and Minnes, saying that the rank of a string-automatic well-founded 

■ partial order reaches all ordinals below uj^ . As second application of the erank, we show 
that the isomorphism problem for tree-automatic well-founded trees is complete (under 

, Turing-reductions) for level zA°^ of the hyperarithmetical hierarchy. 

^ ! 1 Introduction 

in , 

, Various classes of infinite but finitely presented structures received a lot of attention in algo- 

rithmic model theory [3J. Among the most important such classes of structures is the class of 
string- automatic structures |14j . A (relational) structure is string-automatic if its universe is a reg- 
y—i ■ ular set of words and all relations can be recognized by synchronous multi-tape automata. During 

the past 15 years a theory of string- automatic structures has emerged. This theory was developed 
along two interrelated branches. The first is a structural branch, which leads to (partial) char- 
acterizations of particular classes of string-automatic structures |8I13I15I16I19| . The second is an 
algorithmic branch, which leads to numerous decidability and undecidability, as well as complexity 
results for important algorithmic problems for string-automatic structures [5 18 15 . One of the 
most fundamental results for string-automatic structures states that their first-order theories are 
\ uniformly decidable [Li] . 

By replacing strings and string automata by trees and tree automata, Blumensath [1] gener- 
alized string-automatic structures to tree- automatic structures and proved that their first-order 
theories are still uniformly decidable. However compared to string-automatic structures, the the- 
ory of tree-automatic structures is less developed. The only non-trivial characterization of a class 
of tree-automatic structures we are aware of concerns ordinals. Delhomme in [5] proved that an 
ordinal is tree-automatic if and only if it is strictly below w w . Some complexity results for first- 
order theories of tree-automatic structures are shown in [18;. Recently, Huschenbett proved that 
it is decidable whether a given tree- automatic scattered linear order is string- automatic |llj . 

In this paper, we study tree-automatic well-founded treesjf) Our main tool is a new ordinal 
measure for well-founded trees, called the embedding rank, briefly erank. The embedding rank of 
a well-founded tree (denoted erank) is a transfinite extension of the depth of the largest subtree 
whose inner nodes are all infinitely branching. For instance, if a tree T has finite depth, then 
erank(T) is the largest number i G N such that N- 1 can be embedded into 1 (therefore the name 
embedding rank). This is basically the definition of the erank in [17] . where the erank was defined 
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for every tree and by definition it is an ordinal < u) + 1 . Our definition of the erank can be seen 
as a transfinitc extension of the definition in |17j . 

The erank of a well-founded tree is always smaller than the ordinary (ordinal) rank of a tree. We 
also show that the ordinal rank of a well-founded tree of erank a is strictly bounded by w ■ (a + 1). 
For string-automatic well-founded trees, it was shown in [17] that the erank is always finite. Here, 
using Delhomme's decomposition technique for tree-automatic structures [8], we show that that 
the crank of a tree-automatic well-founded tree is strictly below w w . As a corollary, we obtain that 
the ordinal rank of a string-automatic (resp., tree-automatic) well-founded tree is strictly below 
bj 2 (resp., w u ). The result for the string- automatic case nicely contrasts a result from [T3], saying 
that the ranks of string-automatic well-founded partial orders reach all ordinals below . 

Our second application of the erank concerns the isomorphism problem for tree-automatic well- 
founded trees. In [17j . it was shown (using the concept of erank) that the isomorphism problem for 
string-automatic well-founded trees is complete for level of the hyperarithmetical hierarchy. 
In other words, the isomorphism problem for string-automatic well-founded trees is recursively 
equivalent to true arithmetic. We show that the erank of well-founded computable trees determines 
the complexity of the isomorphism problem in the following sense: The isomorphism problem for 
well-founded computable trees of erank at most A + k (where k £ N and A is a computable limit 
ordinal) belongs to level S^ +3 ^ k+1 ^ of the hyperarithmetical hierarchy. Since we know that the 
erank of a tree-automatic well-founded tree is strictly below w" , we can use this fact and show that 
the isomorphism problem for tree-automatic well-founded trees belongs to level A^ = £® u n II® u 
of the hyperarithmetical hierarchy. We also provide a corresponding lower bound w.r.t. Turing- 
reductions. Thus, the isomorphism problem for tree-automatic well-founded trees is Z\^-complete 
under Turing-reductions. 

Let us remark that for non- well-founded order trees, the isomorphism problem is complete for 
JC-J (the first existential level of the analytical hierarchy) already in the string-automatic case [17] , 
and this complexity is in a certain sense maximal, since the isomorphism problem for the class of 
all computable structures is JC-J-complete as well [7|9| . Let us also emphasize that all our results 
only hold for order trees, i.e., trees are seen as particular partial orders. 

2 Preliminaries 

We write N >0 for N \ {0}. For M, N sets, 2 M denotes the powerset of M and N M denotes the 

set of functions from M to N. By | | ig jv Mi we denote the disjoint union of the sets {Mi)i^^. For 

any function / we use dom(/) to denote the domain of /. 

A relational structure & consists of a domain D and atomic relations on the set D. In this 
paper we will only consider structures with countable domains. Let 21 = (A, <) be a partial order. 
A subset B C A is a chain if for all a, b E B, a < b or b < a. We call a subset B C A an 
antichain if for all pairwise distinct a,b E B, neither a < b nor b < a. For BCAwe denote with 
21 \b= (B, < f](B x B)) the restriction of 21 to the set B; it is again a partial order. 

Let A be a (not necessarily finite) set. We use ^ to denote the prefix order on finite words 
in A*, i.e., for u. v E A*, u ■< v if v = uw for some w E A*. For a language L C A*, let 
pref (L) — {w E A* \ 3u E L : w ^ u} be its prefix-closure. 

2.1 Trees and forests 

A forest is a partial order J = (F,<) where for every a E F the set {b E F | b < a} is a 
finite chain. A tree is a forest which has a smallest element, which is called the root of the tree. 
Note that a forest is a disjoint union of (an arbitrary number of) trees. For a given forest 
we denote with (J) the tree that results from adding a new root (i.e., a new smallest element) 
to ^. If F is the domain of $ we denote with (F) the domain of (5). For a node u in $(u) 
denotes the subtree of J at u, i.e., $(u) = ^ \ { v eF\v>u}- We define the successor relation of J? 
as Eg — {(x,y) E F 2 | x < y,—3z : x < z < y}. For x E F the set of children of x in $ is 
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E d( x ) = {v e F | (x,y) e E d }. The set of leaves of £ is leaves(^) = {x G F \ E d (x) = 0}. A forest 
5 = (F, <) is well-founded, if it does not contain an infinite chain a\ < ci2 < 03 < • • • . 

Let us now define inductively the classical (ordinal) rank of a well-founded tree as well as the 
new notion of embedding rank (briefly, erank). We use standard terminology concerning ordinals; 
see e.g. [21]. For a set of ordinals M, sup(M) denotes its supremum, where sup(0) = 0. 

Definition 1. Let X be a well-founded tree with root r. We define the rank o/T inductively as 



Definition 2. Let % be a well-founded tree with root r. We define the embedding rank of T as 
the following ordinal, where a = sup{erank(X(a)) | a G E<z(r)}: 



The erank of a forest J (which is not a tree itself) is erank(3") = erank((3 r )). 

Remark 3. It follows easily from the definition that erank(^) = for every finite forest Con- 
versely, if erank($) = then $ must be finite: By definition erank(^) = erank((^)). Due to Konig's 
Lemma, every finitely branching infinite tree is not well-founded. Thus, if $ is infinite, (y) has an 
infinitely branching node a. But then erank(3"(a)) > 1- By induction on the length from the root 
of (3) to a, one concludes that erank(^) > 1. More generally, erank(3") = n < uj if and only if 
there is an embedding of the tree (N-™, ;<) (the tree of height n where every non-leaf has No many 
children) into (3) but no embedding of (N- n+1 , ^) into (5). The latter fact is the reason for the 
term embedding rank. 

Lemma 4. Let $ = (F, <) be a well-founded forest. Then, the set {a G F erank(g(a)) = 
erank(^)} is finite. 

Proof. Let a = erank(5 r ). It suffices to show that the set fl = {a£ (F) | erank((5 r )(a)) = a} is 
finite. Note that D is a downward-closed subset of the tree (J). Assume that this set is infinite. 
Since (3) is well-founded, Konig's lemma implies that D contains a node a which has infinitely 
many children (i G N), which all belong to D. But then a = erank((3)(a)) > a + 1, which is a 
contradiction. □ 

It is obvious that erank(T) < rank(T) for every well-founded tree T (and erank(5 r ) < rank(3") + 1 
for a well-founded forest 5). On the other hand, we can also bound rank(T) in terms of erank(T): 

Theorem 5. For a well-founded tree T = (T, <) we have 



Proof. We proceed by induction on erank(T). It is clear that if T is finite, then erank(T) = and 
rank(T) < \T\ < uj. Now assume that erank(X) = a for some ordinal a > such that the theorem 
holds for all trees of erank strictly below a. By Lemma 0] T a = {t G T erank(X(£)) = a} is a 
finite and downward-closed subset of T. Let M a C T a be the set of <-maximal elements of T a 
and consider a tree 1(a) for a G M a . The definition of M a implies the following. If b € T with 
b > a, then erank(T(6)) = f3 for some ordinal (3 < a. By the induction hypothesis it follows that 
rank(T(fo)) < uj ■ (/3 + 1) < uj ■ a. In particular, rank(T(6)) < uj ■ a for all children b of a. Thus, 
rank(T(a)) < u> • a. Finally, since T a is a finite set, we have 

rank(T) < sup{rank(T(a)) | a G M a } + \T a \ < uj ■ a + \T a \ < uj ■ a + uj = uj ■ (a + 1). 

This proves the lemma. □ 

Note that the upper bound of uj ■ erank(T) + uj is optimal as for each n < uj, there is a (string- 
automatic) well-founded tree T n such that rank(T„) = uj ■ erank(T„) + n. Let the forest J be 
the disjoint union of finite chains of arbitrary length, and let the tree T n result from the tree 
(£) by adding a finite chain of length n at the root We can define T„ also as (A, <), where 
A = pref({0"i0' | i G N}) G N*. We have rank(T„) = u + n and erank(T„) = 1. 



rank(T) = sup{rank(T(a)) + 1 | a G E % {r)}. 




a} is finite, 



rank(X) < uj ■ erank(X) + uj = uj ■ (erank(X) + 1). 
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2.2 Finite labelled trees 



A finite binary tree is a finite prefix-closed subset T C {0, 1}*. Clearly (T, ;<), where < denotes 
the prefix relation on {0, 1}*, is a tree in the above sense. We denote the set of all finite binary 
trees by 7^ m . 

A finite £ -labelled binary tree is a pair (T, A), where T G 7^ ln and A : T — > £ is a labelling 
function. With T^ n s we denote the set of all finite ^-labelled binary trees; elements of 7% m s will be 
denoted by lower case letters (s, t, . . .). When £ is the singleton set {)}}, we will simply consider a 
tree t G 7^' n s as unlabeled, i.e., t G 7^ ln . The set of leaves of t = (T, A) is leaves(t) = leaves(T, ;<). 
We define the following operations on labeled trees. For t = (T, A) G T]' n s and d G T we define 
the subtree rooted at d as t(d) = (U, A'), where U = {v G {0, 1}* | dv G T] and \'{v) = X(dv) for 
v eU. For t = {T , A ) G 7^, ti = (Ti, Ai) G 7^, and d G T we denote with t o d ^ the tree 
obtained from to by replacing to{d) with ti, i.e., to °d ti = (T, A) where 



\{w) 



T= (T \d{0,l}*) UdTi and 

'AqH if W GT o \rf{0,l}*, 
Ai(w) if w — dv, v G T\. 



For n > 1, to,ti, . . . ,t n G T^'5; with to = (To, Ao), and an ordered antichain d = {di, . . . , d n ) G Tq 
(i.e., c?i is not a prefix of dj for i ^ j) we define to °J (*i> • • ■ i *n) inductively as 



t°di*i if n = 1, 

(to °di *i) °(d 2 ,...,d n ) (*2, • • • , ^n) else. 



In other words, to oj (t 1; . . . , t n ) is obtained from to by replacing the subtree at di with tj. 

We define the convolution t\ ® • • • ® t„ of ti, . . . , t n G 7^ as follows: Let tj = (T, Aj) where 
A, : Ti -> £ and o £ £\ Let T = (J? =1 T and define A ■ : T ^ £ U {o} by 



Aj(ti) if uGT 
o if u G T \ T 



Then ti <S> • • • t n is the finite ((Z 1 U {o}) n \ {{o, . . . , o)}) -labelled binary tree (T, A), where A : T ->■ 
(JC U {o})« \ {(o, . . .,o)} is defined by A(«) = {\[{u), . . .,X' n {u)). 



2.3 Tree automata and tree-automatic structures 

For T G T£ n let 

cl(T) = T U {ui | u G T, i G {0, 1}} 

be the closure of T. Clearly, cl(T) G 7?" 

Let 17 be a finite alphabet. A (top-down) tree automaton over £ is a tuple A — {Q,A,I,F), 
where Q is the finite set of states, I C Q is the set of initial states, F C Q is the set of final states, 
and A C (Q \ T) x Z 1 x Q x Q is the transition relation. Given a finite .27-labeled binary tree 
f = (T, A) G 7^£, a successful run of ^4 on t is a mapping p : cl(T) — > Q such that (i) p{e) G I, (ii) 
p(cl(T) \T) C>, and for every d G T, (p(d), A(d), p(d0), p(dl)) G A With T(.4) we denote the 
set of all t G on which A has a successful run. A set L C 7^ is called regular if there exists 
a tree automaton A over 17 with L = L(A). 

We introduce the following auxiliary notation for the (de)composition of successful runs. For 
q G Q, A q denotes the automaton A q = (Q,A,{q},F), which is a copy of A but with q as the 
unique initial state. Let t — (T, A) G and d = {d\, . . . , d n ) G T™ be an ordered antichain in 
the tree (T, <). Set 

Uj = T \ {v e T \ 31 < i < n : di ^ v}. 

Note that is prefix-closed. A d-extendable run of .4 on t is a mapping p : cl(C/j) — ► Q such that 
(i) p(e) G I, (ii) for every d G Uj, (p(d), A(d), p(d0), p(dl)) G Z\ and p(cl(t/j) \ T) C F. Note that 
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there is a successful run of A on t if and only if there is a J-extendable run p of A on t such that 
for each ie{l,...,n} the automaton accepts the subtree t(di). 

A successful run p of A on t = (T, A) G T^ U E naturally defines a finite ((£ x Q \F) UF)-labeled 
binary tree tree(p) = (cl(T),/x) such that /L*(<i) = (X(d),p(d)) for every d eT and = p(<i) for 
every (i G cl(T) \ T. With Run(.4, i) we denote the set of all tree(p) where p is a successful run of 
A on t. Let Run(„4) = UteL(^) Run(.4, i). This is also a regular set: a tree automaton for Run(„4) 
can be obtained by replacing every transition (p, a,pi,p 2 ) G /A by (p, (a,p),Pi,P2)- For notational 
simplicity, in the paper we will refer to tree(p) simply as p. 

From our definition of tree automata it follows immediately that for every tree automaton A 
there exists a tree automaton A' such that A' has a unique final state and L(A) — L(A'). But 
allowing several final states simplifies some constructions in this paper. 

An n-ary relation R C (7~2"}j) n is called tree-automatic if there exists a tree automaton An, 
over (S tbl {o}) n \ {(o, ■■■,<>)} such that L(Ar) = {h ® • • • ® t n \ (h, . . . , t n ) G R}. A relational 
structure 6 is called tree- automatic over S if its domain is a regular subset of 7^^ and each of 
its atomic relations is tree-automatic; any tuple P of automata that accept the domain and the 
relations of 6 is called a tree- automatic presentation of 6. In this case, we write <5(P) for 6. If a 
tree-automatic structure & is isomorphic to a structure &', then 6 is called a tree- automatic copy 
of & and 6' is tree- automatically presentable. In this paper we sometimes abuse the terminology 
referring to 6' as simply tree-automatic and calling a tree-automatic presentation of 6 also a 
tree-automatic presentations of & . We also simplify our statements by saying "given/compute a 
tree-automatic structure 6" for "given/compute a tree-automatic presentation P of a structure 
6(P)". The structures (N, +) and (N, •) are examples of tree-automatic structures. 

A tree-automatic structure over a singleton alphabet (i.e., the domain of the structure is a 
subset of 7^ m ) is called unary tree- automatic. Moreover, let 

Tbin = {te7l m \ Vuet:uOet<^ ul e *} 

be the set of all finite (unlabeled) full binary trees. We will make use of the following simple lemma. 

Lemma 6. For every tree- automatic structure & there exists an isomorphic unary tree- automatic 
structure & , whose domain is a subset of Tbin- Moreover, there is a computable isomorphism from 
& to &', whose inverse is computable too. 

Proof. Let S be some finite alphabet; w.l.o.g. assume that S = {1, 2, . . . , n}. For 1 < i < n let 
dj = pref({0, 10, 110, . . . , 1 4_1 0, V}) G 7bi n - We define an injective mapping unlabel : 7^ m s —> %i n 
inductively as follows: Let t = (T, A) 6 7^ m E and for i 6 {0,1} let U = t{i) be the subtree of t 
rooted at node i, where we set = if i £ T. Then 

unlabel(t) = {e, 0} U 00unlabel(£ ) U Olunlabel(ii) U la u 

where we set unlabel(0) = 0. By induction over the size of t it follows easily that the mapping 
unlabel is indeed injective. We show that for every tree-automatic relation R C (7^'^) fc , the relation 

unlabel(-R) = {(unlabel^), . . . , unlabel(i fe )) | (h,...,t k ) e R} 

is tree-automatic too. Suppose A = (Q, A, I , F) is a tree automaton recognizing the relation R. 
We construct a (top-down) tree automaton A 1 = (Q' , A' , I , F') as follows: the state set Q' of A' 
contains the set 

Q U (Q x Q) U {o,l,2,...,n} n 

(in addition Q' contains some auxiliary states that we do not specify). For a state q G Q, A' 
contains the following transitions (we omit here the unique node label, which formally should be 
the second component of every transition) : 

{q, (p,r), (xi, . . .,x k )) if (q, (zi, • • .,x k ),p,r) G A 
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For a state (p, r) G Q x Q, A' contains the following transitions: 

((p,r),p,r). 

Finally, A' contains additional states Q" (where F" C Q" are new final states) and transitions 
such that from a state (x%, . . . , Xk) G {o, 1,2, ... , n} n only the tree pref(si ® S2 <8> • • ■ <8> s n ) with 

if Xi G {l,...,n}, 
if = o. 

is accepted. Finally we set F' = F U F" . 

Now let tx, . . . ,tk S 7J'^. and q £ Q. A straightforward induction over the size of trees shows 
that A accepts t% (g> • • • (g> % via a run p with p(e) — q if and only if A' accepts unlabel(ii) ® ■ • • <g> 
unlabel(tfc) via a run p' with p'(e) = g. 

The above considerations shows that for every tree- automatic structure & there exists an 
isomorphic unary tree-automatic structure & , whose domain is a subset of 7bin- An isomorphism 
between & and & is given by the computable mapping unlabel, whose inverse is computable too. 
This proves the lemma. □ 

Consider FO + 3°° + 3" ,m + 3 cham j the first-order logic extended by the quantifiers 3°° (there exists 
infinitely many), 3™' m (there exists finitely many and the exact number is congruent n modulo 
to, where m,n G N) and the chain-quantifier 3 cham (if <p(x,y) is some formula, then 3 cham (/?(x, y) 
asserts that ip is a partial order and there is an infinite increasing <p-chain) . The following theorem 
from [4112122] lays out the main motivation for investigating tree-automatic structures. 

Theorem 7. From a tree- automatic presentation ¥ and a formula <p(x) £ po+3°°-|-3™ ,m -|-3 cham in 
the signature o/6(P) one can compute an automaton whose language consists of those convolutions 
of tuples t from 6(P) that make ip true. In particular, the FO + 3°° + 3 n,m + 3 cham theory of any 
tree- automatic structure & is (uniformly) decidable. 

Note that the property of being a tree is expressible in FO + 3°°. Moreover the chain-quantifier 
allows one to define well-foundedness of a tree. Hence, we get: 

Corollary 8. The class of tree- automatic well-founded trees is decidable. 

Let K, be a class of tree-automatic presentations. The isomorphism problem Iso(/C) is the set of 
pairs (Pi,P2) £ K. X JC of tree-automatic presentations with ©(Pi) = ©(P2). If /C is the class of 
tree-automatic presentations for a class C of relational structures (e.g. trees), then we will briefly 
speak of the isomorphism problem for (tree-automatic members of) C. The isomorphism problem 
for the class of all tree- automatic structures is complete for S\, the first level of the analytical 
hierarchy; this holds already for string-automatic trees [15117] . 

2.4 Hyperarithmetical sets 

We use standard terminology concerning recursion theory; see e.g. [5U]- We use the definition of 
the hyperarithmetical hierarchy from Ash and Knight [5] , see also [TU] . We first define inductively 
a set of ordinal notations O C N>o- Simultaneously we define a mapping a H> \a\o from O into 
ordinals and a strict partial order <o on O. The set O is the smallest subset of N>o satisfying the 
following conditions: 

— 1 G O and 1 1 1 o = 0, i.e., 1 is a notation for the ordinal 0. 

— If a G O, then also 2 a G O. We set \2 a \ = \a\o + 1 and let b < 2 a if and only if b = a or 
b <o a. 

— If e G N is such that <P e (the e th partial computable function) is total, <P e (n) G O for all n G N, 
and $ e (0) <o # e (l)o <o #e(2) <o ■ • • , then also 3 • 5 e G O. We set |3 • 5 e | = sup{|<P e (n)| 
n G N} and let b <o 3 • 5 e if and only if there exists n G N with b <o $ e ( n )- 
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An ordinal a is computable if there exists a G O with \a\o — ol. The smallest non-computable 
ordinal is the Church-Kleene ordinal u>l k . If a G O then the restriction of the partial order (O, <o) 
to B = {b G O | b <o a} is isomorphic to the ordinal \a\o Prop. 4.9]. Moreover, the set B is 
computably enumerable and an index for B can be computed from a Prop. 4.10]. 

Next, we define the hyperarithmetical hierarchy based on ordinal notations. For this we define 
sets H(a) for each a G O as follows: 

— ff(l) = 0, 

— 77 (2 b ) = H{b)' (the Turing jump of H(b); see e.g. [10]), 

— if (3 • 5 e ) = {(6, n) | & <o 3 • 5 e , n G here (•, •} denotes a computable pairing function. 

Spector has shown that \a\o = \b\o implies that H(a) and H(b) are Turing equivalent. The levels 
of the hyperarithmetical hierarchy can be defined as follows, where a is a computable ordinal. 

— 17° is the set of all subsets iCH that are recursively enumerable in some H(a) with \a\o = a 
(by Spector's theorem, the concrete choice of a is irrelevant). 

— 77° is the set of all complements of 17°-sets. 

— Zi° = 17° lH77°, i.e., Z\° is the set of all subsets iCN that are Turing-reducible to some H(a) 
with \a\o = ol. 

A relation R C N fe is X° (with X G {17,77,Z\}) if the set {(x u ...,x k ) | (x u ...,x k ) G R} is X°, 
where (•,...,•) denotes a computable encoding of fc-tuples. 

For any two computable ordinals a, (3, a < (3 implies E a U B a C The union of all classes 
17° where a < u>Q k yields the class of all hyperarithmetical sets. By a classical result of Klcenc, the 
hyperarithmetical sets are exactly the sets in A\ — S\ n n\ : where E\ is the first existential level 
of the analytical hierarchy, and n{ is the set of all complements of I7|-sets. 

For our purpose, it is convenient to present an alternative definition of the hyperarithmetical 
hierarchy using computable infinitary formulas. Fix a predicate R{x) C N fc where k > 1. If R is 
computable, then a 27g (resp. Up) indea; for i? is a triple (17,0, e) (resp. (77, 0, e)) where e is an 
index for 7?. Next, let < a < ui^ k be a computable ordinal. 

Case 1. a — (3 + 1 is a successor ordinal. Then, a i7° (resp. 77°) index for 7? is a triple (S,a, e) 
(resp. (77, a, e)) where |o|o = a and e is a 77^ (resp. 17^) index for a predicate P(x,y) C N' c + 1 
such that for all x G N fc : 



Case 2. a is a limit ordinal. Then, a 17° (resp. 77°) index for 7? is a triple (17, a, e) (resp. (77, a, e)), 
where \a\o — ol and <? e is a total computable function such that the following holds: For all 
n G N, <? e (n) is a 77° (resp. 17° ) index for some predicate P n (x) C N fc , /3o < /3i < . . . < a with 
sup{/3„ | n G N} = a, and for all x G N fc : 



Essentially, we can view a 17° (resp. 77°) index as a finite representation of a computable infini- 
tary formula that defines the corresponding 17° (resp. 77°) predicate. For instance, the 17° index 
(17, a, e), where |a|o is a limit ordinal, represents the computable infinitary formula VieN where 
tpi is the computable infinitary formula represented by the index <P e (n). In this paper we will use 
the notions of 17° (resp. 77°) predicates and indices interchangeably. Formally, we do not allow 
negation in computable infinitary formula. But if ip(x) defines the 17° (resp. 77°) set A C N k , then 
one can construct effectively a 77° (resp. 17°) formula for N fc \A; and we therefore may define this 
formula as ->ip(x), see [H Theorem 7.1]. 
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3 Bounding the erank of tree-automatic well-founded trees 

We show in this section that the erank of a tree-automatic well-founded tree is strictly below ui u . 
The first part of our proof relies on Delhomme's decomposition result for tree-automatic structures 
[8]. Delhomme's main proposition shows that for a given tree-automatic structure 58 and a given 
tree automaton A all substructures induced by A (via different trees as parameter) are composed 
from a finite set of structures C using the operations of box-augmentation and sum-augmentation. 
Roughly speaking, a structure 58 is a sum-augmentation of structures 58i,...,58„ if there is a 
partition of the domain of 58 such that this partition induces the substructures 58i, . . . , 58„ (see 
Def. [9]). The structure 58 is a box-augmentation of 58i, . . . , 58„ if its domain is the product of 
the domains of 58i, . . . , 58„ such that fixing all but the i th component of this product arbitrarily 
results in a structure isomorphic to 58 ^ (see Def. [T4|) . 

Let v be a function that maps structures to some set M. We say that an element m G M is v- 
indecomposable if for all 58 and all sum- or box- augmentations of 58 via structures 58 1, 582, ■ ■ • , 58„, 
^(58) = m implies that ^(58;) = m for some i € {1, . . . , n} (see Def. [26f . Delhomme's result implies 
that the substructures of a tree-automatic structure 58 defined by a fixed tree-automaton A only 
take finitely many i/-indecomposable values. Unfortunately, Delhomme never published a proof of 
this result. Since our further arguments rely on this proof, we reprove his result in Sections 13.11 
and 13.21 More precisely, we strengthen his result by proving that one only has to consider v- 
indecomposability with respect to box-augmentations that are tamely colorable. Roughly speaking, 
58 is a tamely colorable box-augmentation of (58i, . . . , 58 n ) if there are finite colorings of the 58^ 
and a simple rule how to reconstruct 58 completely from the 58 ^ and these colorings. 

In Section 13.31 we prove that the erank of any tree-automatic well-founded tree is bounded 
by oj u . We prove this result using erank-indecomposability (with respect to tamely colorable box- 
augmentations): We can prove that all ordinals of the form oj a are erank-indecomposable. Thus, 
there are infinitely many erank-indecomposable ordinals below u) u , Since all subtrees of a given 
tree-automatic tree are definable by an automaton A and since a tree of erank a contains subtrees 
of erank (3 for all j3 < a, we conclude that no tree-automatic well-founded tree has erank u] u . 

Note that Delhomme's original result is too weak for our proof. Using the definition of erank- 
indecomposable values with respect to all box-augmentations, the ordinals and 1 are the only 
erank-indecomposable values. The problem is that any forest containing an infinite antichain is the 
box-augmentation of two infinite antichains. Note that an infinite antichain has erank 1. Hence, 
ordinals above 1 are not erank-indecomposable with respect to Delhomme's original definiton. 

3.1 Delhomme's decomposition result for tree-automatic structures 

In this section we prove a result claimed in [5] (but no proof was provided there). In fact, we present 
a stronger claim which was developed in joint work with Martin Huschenbett. We concentrate on 
the case of tree-automatic graphso Let us fix a tree-automatic graph 21 = (A, <) and an automaton 
A< with state set Q< that recognizes <. By Lemma [BJ we can assume that A C T^'", i.e., 21 is 
defined over a unary alphabet. We fix an automaton A such that A accepts a subset of 

a ® 7^'" = {t(gis\teA,se r! m }. 

Let Qa denote the states of A. Without loss of generality, we assume that for any tree there 
is at most one successful run of A< and A, respectively (i.e., we assume that the automata are 
bottom- up deterministic). 

For a tree s G 7^ ln define the induced substructure 

&s = %\{t£A\t®seL{A)}- 

4 Since we focus on forests in subsequent sections, we write < for the edge-relation symbol. The proofs 
in this section are easily extended to a finite number of relations of arbitrary arities. 
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Note that 2l s is also tree-automatic. In the first step of our proof we analyze the induced substruc- 
tures of 21 defined by A, i.e., the class 

S(VL,A) = {2l s | s e 7^ in }. (1) 

Note that <S(2l, A) only contains tree-automatic structures. We reprove Delhomme's result that 
there is a finite set of tree-automatic structures such that all structures in 5(21, .4) are composed 
from this finite set via the operations of sum- augmentation and box- augmentation. Moreover, we 
show that the occurring box-augmentations are what we call tamely colorable. 

In the following we assume that the domain of a structure 03 is the set B and similarly Bi is 
the domain of 03i and A s that of 2l s etc. 

3.1.1 Sum-augmentations of tree-automatic structures 

Definition 9. Let C be a class of structures and 03 a structure. We say 03 is a sum- augmentation 
of C if there is a finite tuple (Q$i, 03 2 , . . . , 03„) G C n such that there is a bijection 

n: \J Bi —> B 

l<i<n 

such that f]\ B . is an isomorphic embedding of^i into 03 for each 1 < i < n, i.e., 03^ = OS^g^. 

We prove that for all s G 7^ ln the substructure 2l s is the sum-augmentation of certain structures 
which we call Delhomme components. 

Definition 10. For s,t G 7^'", we define t s — t(~)c\(s) G 7^ m . An extension node oft with respect 
to s is an element of leaves(i s ) \ s. 

In the following we say " d = (d\, cfo, . . . , d n ) are the extension nodes of t with respect to s" and 
mean that d contains all extension nodes of t with respect to s in lexicographic order. 

For each s G 7^'" we associate with every t & A s & type that characterizes its behavior with 
respect to A and A< . 

Definition 11. Let s,t G 7^'" such that t®s G L{A), i.e., t G A s . Let p be the unique (successful) 
run of the automaton A ont®s. Let d = {d\, . . . , d n ) be the extension nodes of t with respect to 
s. The type oit (with respect to s) is defined by 

type s (t) = (n,q Al Q <1 P < ) eNx^x (2 Q <)™ x 2 (<3 < ) where 

- QA = (p( d i),p( d 2), ■ ■ -,p(d n )), 

- Q< = {Q<,1,Q<,2, ■ ■ ■ ,Q<,n) where Q<.i = {q G Q< | A% accepts t(di) <g> t(di)} for each 
i £ {1, . . . , n}, and 

- P < contains those tuples [q\, q2, . . . , q n ) for which there is a d-extendable run p 1 of A< on 
t s ® t s such that p'(di) = qi for each 1 < i < n. 

If s is clear from the context, we omit the subscript s and write type instead of type s . For a fixed 
tree s, the number of extension nodes of a tree t is bound by 2 • |leaves(s)|, hence the range of 
type s is finite. 

Next we introduce a specific type of sum-augmentations for the structure 2l s for each tree 
s. The components of these sum- augmentations are defined via a refinement of the equal- ty peg- 
equivalence. 

Definition 12. For trees t,t' G A s we say that t and t' are s-componcnt-equivalent, denoted by 
t = s t' , if type(t) = type(t') and t s = t' s . For each t G A s , we call [t] s = 2l s \{t'eA s \t'= s t} the 
Delhomme component of t in 2l s . 

Since the range of type s is finite for any fixed s, and the set {t s \ t G 7^'"} is finite, the equivalence 
relation = s has finite index. Hence, the following lemma holds. 

Lemma 13. For each tree s, 2l s is a sum- augmentation of its Delhomme components. 
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3.1.2 Box-augmentations of Delhomme components 

Definition 14. Let C be a class of structures and 03 a structure. We say that % is a box- 
augmentation of C if there is a finite tuple (03i, . . . , 03„) £ C n and a bisection rj : Y\.i<i< n Bi B 
such that for each 1 < k < n, for all d = (di, . . . , d k -i) £ Ili=i Bi and all d! — (dk+i, ■ ■ ■ , d n ) G 
n"=fc+i Bi the mapping rj£ d : 03/c — > 03 with 

Vk d ( e ) =v{di,---d k -i,e,d k+ i,...d n ) 
is an embedding of*Bk into 03. 

In order to obtain an improved version of Delhomme's result, we need the notion of tamely 
colorable box-augmentations. 

Definition 15. Let 03 = {B,<) and 03i,...,O3„ be structures, and let rj : rii<i<n ^ B be 
a bisection witnessing that 03 is a box- augmentation of (03i, . . . , 03 n ). We say that 03 is tamely 
colorable if there are 

— finite colorings tfi : Bi x Bi — > C'i (with \Ci\ < oo) for 1 < i < n and 

— a map tp<s : Ili<j<n ^ — ^ {0> •"■} su °h that for all b, b' 6 03, we have b < b' if and only if for 
(h, . . .,b n ) = r)' l \b) and (b[, . . . ,b' n ) = »7 _1 ( b ') we have ¥?<b(</?i(&i, &'i), ■ ■ ■ ,<Pn(K,b' n )) = 1 - 

The second condition says that the mapping ip^ and the colorings of the pairs of the "componen- 
twise preimages" of b and b' determine whether b < b'. 

The goal of this section is to prove that there is a finite set C of tree-automatic structures, 
which we call Delhomme lines, such that for every tree s the Delhomme components of 2l s are 
tamely colorable box- augmentations of C. A Delhomme line is the substructure of a Delhomme 
component [t] s which is obtained by restriction to those trees of [t] s which are obtained by replacing 
the subtree rooted at a fixed extension node d of t in the tree t. 

Definition 16. Let s,t £ 7^ ln and let di be the i th extension node oft with respect to s. We call 
[t\i = [t}s\{ue[t] s \3v.u=to dz v} a Delhomme line. 

Remark 17. If t does not have extension nodes with respect to s, then t s = t and t C s. Hence, 
[t] s is the one element structure only containing t. 

In order to prove that there are only finitely many Delhomme lines (up to isomorphism) with 
respect to a fixed tree-automatic graph and the fixed automaton A, we introduce the notion of 
the i-line type of a node t (with respect to s). We then show that this type characterizes [i]* up 
to isomorphism. In the following definition, we denote the projection on the i th coordinate as iii. 

Definition 18. Let s be a tree and t £ A s . Assume that type s (i) = (n,qj L ,Q < ,P < ). Set 

Pi = {n(p) \ p£P<,Vk^i: TT k {p) £ 7r fe (Q < )} C Q < . 

Then the line-i-type oft with respect to s is type*(i) = (-Ki(qA), ^i{Q<), Pi). 

Remark 19. Note that type* (i) = type* (u) for all u £ [t]*: If u £ [i]* C [t] s then type s (f) = type s (u), 
which implies type*(i) = type* (it). 

Lemma 20. Let type* (t) = (q, Q,P). A tree t o d . v is in [t] l s if and only if A q accepts v ® and 
Q = {p £ Q < | A P K accepts v v}. 

Proof. We have 

t o d . v € [t]l D <£yp 1 t o d . v £ [t] a 

DgfJTU type ( t ^ v ^ _ type(i) and (t o di v) s = t s 

^> type(i o d . v) = type(i) 

Finally, since type* (t) = (q, Q, P), we have type(i o d . v) = type(i) if and only if A q accepts v (g> 
and Q = {p £ Q< \ A P K accepts v ® v}. □ 
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Lemma 21. Let s, s' £ T^'", t £ A s , and t' 6 A s i . Let di (resp. ej) be the i th (resp. j th ) extension 
node oft (resp. t' ) with respect to s (resp. s' ). //type* (t) = type 3 s ,(t') then there is an isomorphism 
77 : [t]l -> [t'Y s , mapping u = to di u' £ [t]l to t' o Cj u' £ [t'] J s , . 

Proof. From Lemmal2T)l it follows immediately that 77 is a bijection between [t] l s and [t'] 3 , . We show 
that 77 is an isomorphism. Let type'(i) = (q,P,Q). Let u',v' be trees such that u — t o d . v! and 
v = to d . v' are elements of [t]\. We have u < v if and only if there is q £ P such that A^ accepts 
u' ® v'. Since type* (t) = type 3 s ,(t') this happens if and only if r](u) = t' o e . u' < t' o e . v' — r](v). □ 

Corollary 22. There are only finitely many Delhomme lines up to isomorphism. 

Now we are prepared to show that each Delhomme component is a one element structure or it is 
a tamely colorable box-augmentation of its Delhomme lines. 

Lemma 23. Let [t] s be a Delhomme component. Either [t] s is a one element structure or [t] s is 
a tamely colorable box- augmentation of its Delhomme lines {[t]], . . . , [t]"), where n is the number 
of extension nodes oft. 

Remark 24- Over a fixed finite signature, there are only finitely many one element structures. 
Moreover, if [t] s is a one element structure then it is a tamely colorable box- augmentation of ([t] s ). 
Hence, the lemma claims that every Delhomme component is a tamely colorable box-augmentation 
of structures from the finite set of Delhomme lines and of one element structures. 

Proof. If t does not have any extension node with respect to s, then [t] s contains only one element. 
Assume that t has n > 1 extension nodes. We first define a bijection r\ : IlILiMs ~* W«- ^ e then 
show that it induces the required embeddings of each [t] l 8 in [t] s for all tuples of parameters from 
the Delhomme lines [i]*, . . . , [t]^ -1 , [t]^ 1 , ■ ■ ■ , [f]™- Let d — (di, . . . , d n ) be the extension nodes of 
t. We claim that the function r\ : ^LiMi ^ 7?" with 

i](t o dl Mi,t o d2 u 2 , ■ ..,t o dn u n ) = t o a (til,7i 2 , ...,u n ) 

maps into [t] s . 

Let us fix trees U\,...,u n such that t o d . m £ [t] l s for 1 < i < n and let 

type s 0) = (n,q A ,Q <1 P < ). 

Since t o d . ui = s i, we have 

type s (to rf . Ui ) =type s (t) = (n, q A , Q <1 P<). 

Consider the tree 

t' = v{t °di ui , . . . , t o dn Un ) = t o d (m , . . . , u n ) 

and let type s (i') — (n' ', q' A , Q' <; It is clear that t' s = t s . Thus, 77 maps into [t) s if and only if it 
preserves the type, i.e., if type s (i') = type s (t). We immediately get n = n' . Since t o d . m belongs 
to [tjl, Lemma [20l implies the following: 

(1) There is a successful run p t of A^^^ on Ui <S> 0. 

(2) 7Tj(Q<) = {q £ Q< I A% accepts u l ® uj 

Let p denote the unique successful run of A on t ® s. By definition of type s (i), p(di) — iri{q~A)- 
Hence, poj(p 1) . . . , p n ) is a successful run on t! = to d {u\ . . . u n ). Thus, q A = q' A - Since t'{di) = Ui, 
point (2) above implies Q' K — Q < . Finally, since P< only depends on t s and since P< only depends 
on t' s , we obtain P< = PL because of t s = t' s . Thus, type s (t') = type s (£) and 77 indeed maps into 
[t] s . Essentially the same argument shows that 77 is surjective. Moreover, 77 is clearly injective and 
therefore a bijection. 
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For 1 < i < n let N{ = {1, 2, . . . , n} \ {i}. We have to show that for each u = (uj)j & Ni such 
that t o d . Uj G for all j E N it the map r]f : [t] l s — > [t] s with 

r]f (to dt m) = t o s (u\,.. .,u n ) 

is an embedding. Consider u = t o d . v 6 [t] l s and v! — t o d . v' G [t] l s . It holds that u < vl if and only 
if there is a d-extendable run p of A< on u s <g> u' s = t s <g> t s (thus (p(di), . . . 7 p(d n )) G P<) such 
that p(dj) G 7r J (Q < ) for every j G JV» and w <g> v' is accepted by A< . Since rff(u) s = rjf(u') s = 
U s = u' s = t s and since the types of u, u', T)f(u), and rjf(u') agree, these conditions are equivalent 
to 7?"(u) < T]f(u'). Thus, r)f is indeed an embedding. 

Finally, we show that the box-augmentation is tamely colorable. We define a coloring on [t] g 
as follows. Set ipi : [t]\ x [t}\ -)• 2 Q< , where 

°di Ui, t o di Vi) = {q | A% accepts u t <S> «<}. 

Recall that the convolution (i oj (u 1; u2, . . . ,u n )) ® (t o d (w 1 ,w 2 , . . . ,v n )) of elements from [t] s 
is accepted by „4< if and only if A< has a d-extendable run p on t a ® i s such that for each 
1 < i < n the automaton A< d ^ accepts the subtree Ui<S> Vi. The latter condition is equivalent to 
p{di) € ifi(t o d . m,t o d . v^. Thus, the colors tpi(t o d . m,t o d . vi) for 1 < i < n determine whether 
to d (m, U2, ■ • ■ , u n ) < to d (u\ 1 U2t ■ ■ , u n ) holds. Hence, [t] s is a tamely colorable box-augmentation 
of its Delhomme lines. □ 

The main result of this section is summarized in the following proposition, which follows directly 
from Lemmas [131 [23] and Corollary |22"1 

Proposition 25. Given a tree- automatic structure 21 with domain A C T]'" and an automaton 
A with L(A) C A ® 7^ m , th ere is a finite set of (tree-automatic) structures D such that for all 
s S 7^ m the substructure 2t s is a sum- augmentation of tamely colorable box- augmentations ofT>. 

3.2 Sum- and box-indecomposability 

We call a class of structures C substructure-closed if for each 21 £ C and every subset B of the 
domain of 21, also 21 \b& C. We call a function v : C — > N where N is arbitrary and C is a class of 
structures isomorphism-invariant if for all 21, 58 £ C, i / (2l) = ^(03) whenever 21 = *8. 

Definition 26. Let v : C —> N be an isomorphism-invariant function with a substructure-closed 
domain C, and let n £ N . 

1. n is i/-sum-indecomposable if for all structures 21, 2li, . . . ,2l m € C such that f(2l) = n and 21 
is a sum- augmentation of (2li, . . . , 2l m ), t/iere is 1 < i < m such that f(2lj) = n. 

2. n is ^-tamely-colorable-box- indecomposable if for all structures 2l,2li, . . . ,2l m € C such that 
i/(2l) = n and 21 is a tamely colorable box- augmentation of (2li, . . . ,2l m ) ; t/iere is 1 < i < m 
such that i/(2t;) = n. 

Remark 27. In the definition it would suffice to require that 21 € C because if 21 is a box- or 
sum-augmentation of (2li, . . . , 2l m ), then each 2U occurs as an induced substructure of 21. Since C 
is substructure-closed, this already implies that 21; G C. 

The decomposition results from the previous sections imply that v may only take finitely many v- 
sum-indecomposable and i/-tamely-colorable-box-indecomposable values among the substructures 
from <S(2t, _4.) (defined in (TTJ at the beginning of Section |3~TT) for a fixed tree automaton A. 

Proposition 28. Let v : C — >• N be an isomorphism-invariant function with a substructure- closed 
domain C, and let 21 G C be tree- automatic with domain A C 7^ m . Furthermore, let A be some tree 
automaton with L(A) Cy|(x) 7^ fm . The set i/(<S(2l, A)) contains only finitely many values that are 
both v- sum- indecomposable and v-tamely-colorable-box-indecomposable. 
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Proof. Heading for a contradiction, assume that (sj)ieN is a sequence of trees such that z/(2l Si ) = n{ 
are pairwise distinct ^-sum-indecomposable and z/-tamely-colorable-box-indecomposable values. 

Due to Proposition [25l there exists a finite set V of structures such that for all i £ N, 2t s is 
a sum-augmentation of (21*., . . . ,21**)) where every 21^. is a tamely colorable box-augmentations 
of structures from T>. Due to the definition of ^-sum-indccomposability, for every i £ N there is 
1 < ji < h such that v = n.j. The structure 21^. is a tamely colorable box- augmentation 
of structures from the finite set T>. By definition of ^-tamely-colorable-box-indecomposability, for 
every i £ N there is a structure 2$i G £>, which occurs in the box-augmentation of St|* , such that 
= rij. Thus, (5Si)i S N is an infinite sequence in T> and its elements have pairwise distinct 
z/-values. But this contradicts the finiteness of V. □ 

For the sake of completeness of reproving Delhomme's result, we restate his main result. We call 
a value n v -box-indecomposable if for all structures 21, Sti, . . . , 2t m £ C such that ^(21) = n and 21 
is a box-augmentation of (2li, . . . , 2l m ), there is 1 < i < m such that v{%i) = n. 

Corollary 29. Let v : C —> N be an isomorphism-invariant function with a substructure-closed 
domain C, let 21 £ C be tree- automatic with domain A C T^' n , and let A be some tree automaton 
with L(A) C A® 7^ m . T/ie sei is(S(%l, A)) contains only finitely many values that are both v-sum- 
and v -box-indecomposable. 

3.3 The embedding rank of well-founded tree-automatic trees 

In this section, we show that all ordinals of the form u! a are erank-sum-indecomposable and erank- 
tamely-colorable-box-indecomposable. Note that this is wrong if we replace erank-tamely-colorable- 
box-indecomposability by the notion of erank-box-indecomposability as defined in at the end of 
the previous section. More precisely, there are no era nk-box- indecomposable values greater than 1: 
Every infinite forest 5"' is embeddable into some forest $ which is a box-augmentation of two infinite 
antichains and that has the same erank, i.e., erank(g') = erank^'). Thus, $ is a box-augmentation 
of two forests of erank 1. Hence, if erank(30 = a > 1, then a is not erank-box-indecomposable. 

Fix a tree-automatic well-founded forest 5- The formula <p(x, y) = (y < x) induces an automa- 
ton A that defines depending on the second parameter all subtrees of We show that for each 
a < erank(^) there is a subtree of erank a. Proposition [28] then implies that erank(J') is bounded 
by some ui l with isN. Thus, all tree-automatic well-founded trees have erank strictly below lo u . 

In order to bound the erank of all tree-automatic well-founded trees by u", it suffices to find 
infinitely many simultaneously erank-sum- and era nk-tamely-colorable-box- indecomposable values 
below ui^. We first prove that w° is erank-sum-indecomposable for each ordinal a in Section 
13.3.11 In Section [3.3.2[ we then show that u a is era nk-tamely-colorable-box- indecomposable for all 
ordinals a. 

As an auxiliary step, we prove that erank is a monotone function with respect to induced 
substructures. Let us write #1 < #2 if the forest #1 is an induced substructure of the forest #2- 

Lemma 30. For 5i < #2 well-founded forests, we have erank(3i) < erank^)- 

Proof. The case erank(5 r 2) = is trivial, since $2 and therefore also 3i must be finite. 

Assume that the lemma is true for all well-founded forests 3i,i?2 with erank(3" 2 ) < a for some 
ordinal a > 0. Furthermore, assume that erank(^) = ol. It suffices to show that erank((3i)) < Q. 
for all di < $2- 

Lemma 0] and erank (3^) = ol imply that the set 

F 2 " = {a £ F 2 I erank(S 2 (a)) > a} = {a £ F 2 | erank(3 2 (a)) = "} 

is finite. Heading for a contradiction, assume that 3i < #2 is such that erank((3i)) = f3 > a. By 
definition of erank, there are infinitely many nodes a £ F\ with erank(3i(a)) > a. By finiteness of 
F2, this implies that there is some a £ F\ such that erank(3i(a)) > a and erank(5 r 2(a)) < o. But 
then the induction hypothesis implies erank(^i(a)) < a which is a contradiction. □ 



13 



3.3.1 erank-sum-indecomposable values. The goal of this section is to prove that the ordi- 
nals of the form to a are erank-sum-indecomposable for all ordinals a. 

In order to prove that oj a is erank-sum-indecomposable, we show that erank satisfies a triangle- 
inequality with respect to the natural sum ffi. The natural sum of two ordinals a and ft is the 
largest linearization of the disjoint union of a and ft (cf. pQ). It is commutative and satisfies 
a©/3<a©7if and only if ft < 7. Furthermore, 

a ffi ft = lo 1 implies a — up or ft = uf 1 . (2) 

We next show that for every partition F = F\ W F2 of the domain of a forest 5, we have erank (5) < 
erank(5" |> x ) ffierank(# |> 2 )- Together with the previous remark, this implies that uj a is erank-sum- 
indecomposable for all ordinals a. 

Lemma 31. Let $ be a well-founded forest and F = F\ W F2 a partition of the domain of Let 
3i = £ In for i G {1, 2}. Then erank(£) < erank(5i) © erank(£ 2 ). 

Proof. The proof is by induction on erank^)- For erank(^) = the claim is trivial. Assume now 
that the lemma holds for all forest of erank less than a > 0. 

Case 1. erank(^) = a = /3 + lisa successor ordinal. Let F a be the set of all nodes of the tree 
(3) that have erank a. Since erank(5 r ) = a, F a is nonempty, finite (by Lemma|4]), and downward- 
closed. Let $ a = (F) \ pa . By definition, there is a leaf a in 5" such that among the children of 
a in (F) there is a sequence (oi)igN G F N with erank(3 r (ai)) = ft for all i G N. For j G {1,2}, let 
3j = S^j) f_Fj t- Due to the induction hypothesis we have 

erank(Sl) © erank(3j) > erank(ff(oi)) = ft. (3) 
We distinguish two subcases. 

Case 1.1. There are j, k G N such that erank(3|) < erank^f). Since 3i > 3f and # 2 > i? 2 , an d 
due to monotonicity of erank (Lemma |3T)|) and ffi, we have 

erank(£i) ffi erank(# 2 ) > erank(^) © erank(^) 

> erank(^) © erank(^) 
G) 

> /?• 

Thus, erank(S'i) ffi erank^) > /3 + 1 = a = erank(5"). If there are j,fc6N such that erank(3 r 2 ) < 
erank^j), then we can argue analogously. 

Case 1.2. There are ordinals ai,a 2 such that erank(3 rl 1 ) = ct\ and erank(3 : 2 ) = a 2 for all i G N. 
Clearly, there must be j G {1,2} such that <Zj G -F) for infinitely many i 6 N. W.l.o.g. assume that 
there is an infinite set M C N such that Oi G i<i for all i G M. Note that $\ is a tree (of erank a\) 
for all i G M. With Lemma l30l we get erank(Si) > erank(lJ ieM 31) = a\ + 1 (where for the last 
equality it is important that all 3i (i G M) are trees). Thus, 

erank(^i) ffierank(3 2 ) > («i + 1) ffi erank(^) 

= (erank(^) + 1) ffierank(^) 

> (erank(^) Serank(^)) + 1 
H 

> ft + 1 = a = erank(g'). 

Case 2. erank(g') = a is a limit ordinal. Then for each ft < a there is a node ap £ F such that 
/3 < erank(5'(a / 3)) < a. Let 3f = ls{ap) |>, for i G {1,2}. By induction hypothesis, erank(Sf) 
erank(3 2 ) > erank(5(a ( g)). We conclude that 

erank(3i) ffi erank(3 2 ) > sup{erank(gf ) ft < a} ffi sup{erank(3f ) | ft < a} 

> sup{erank(gf ) © erank(^) | ft < a} 

IH 

> sup{erank(5'(a ; 3)) | ft < a} 
— a — erank(3). 
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Corollary 32. //erank(3 : ) = uj a and $ is a sum- augmentation of (SiiS^, ... ,$n)> then there is 
some 1 < i < n such that erank(fo) = w Q . 

Proof. If erank(^i) < 0J a and erank(# |"f\Fi) < w a , then 

Lemma l31l 

erank(g) < erank(Si) ©erank(g \f\fJ < w " 

where the last inequality follows from property of ®. We conclude that either erank(g' 1 ) = ui a 
or erank(^ |"f\Fi) = The claim follows by induction on n. □ 

Corollary 33. The ordinals of the form u> a are erank-sum-indecomposable. 

3.3.2 erank-tamely-colorable-box-indecomposable values. In the previous section we 
have shown that ui a is erank-sum-indecomposable. We now head for the result that uj a is also 
erank-tamely-colorable-box-indecomposable for a > 0. We start with the observation that every 
box-decomposition of a forest does only contain at most one proper forest in the sense that if a 
forest is a box-augmentation of {f&\, i?2, • ■ • , 3n) then all but one of the are only disjoint unions 
of chains. In order to prove this fact, we introduce the following notation. Let # = (F, <) be some 
forest. We call a € F a branching node (of §), if there are 6, c € F such that a < b, a < c and 
neither b < c nor c < b (i.e., b and c are incomparable). 

Lemma 34. Let $x> and $2 be forests. If $ is a box- augmentation of ($1,^2) then 3i or $2 
does not contain a branching node. 

Proof. Heading for a contradiction assume that Oj,6j,Cj € Fi for i G {1,2} are nodes such that 
ttj < bi,di < c, and neither bi < Ci nor c, < 6;. 

Let 77 : F\ x F2 — > i* 1 be the bijection that witnesses that 5 is a box-augmentation of (S'i,^)- 
Then $ contains the chains 

V(ax,a 2 ) < 77(61,02) < 77(61,62) and 
17(01,02) < 17(01,62) < 77(61,62). 

Since ^ is a forest, the predecessors of 77(61,62) are linearly ordered and we may assume that 
77(01,62) < 77(61,02) without loss of generality. Thus, we obtain 

77(01,02) < 77(01,62) < 77(61,02) < 77(61,02). 

Furthermore, we have 

77(01,02) < 77(01,02) < 77(61,02). 

Since ^ is a forest, the predecessors of 77(61,02) form a chain and we obtain 77(01,02) * 77(01,62) 
for some * S {<,>}. By definition of the embedding 773 1 we obtain 02 * 62 which contradicts the 
incomparability of these two nodes in $2- Thus, we conclude that Ji or #2 does not contain a 
branching node. □ 

Corollary 35. Let S^Si, • • • >3n 6e forests such that $ is a box- augmentation of (3i, . . . , $ n ). 
There is at most one i 6 {1, ...,n} such that 3i contains a branching node, i.e., there is an 
i £ {1, . . . , 71} such that 3tc is a disjoint union of chains for all k ^ i. 

Proof. Let 77 : JliLi 'Si ~> ■& be the bijection of the box-augmentation. Choose 1 < j < k < n 
and 6 = (61, ... , 6j_i, 6j+i, . . . , 6 fe _i, 6 fe+ i, . . . , 6 n ) G IIie{i,...n}\{j,fc} F * arbitrarily but fixed. Then 
r]j k :FjXFk^F with 77^ k (bj,bk) = 17(61, . . . , b n ) induces a box-augmentation of some subforest 
S 7 < i?- An application of Lemma [M] yields the claim. □ 
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The following lemmas characterize the erank of a forest that is a box-augmentation of one tree 
with a tuple of chains. 

Lemma 36. //£ is the disjoint union of finite chains, then erank(£) < 1. 

Proof. Every finite chain has erank by definition. Thus, if £ consists of infinitely many finite 
chains then erank(£) = 1. Otherwise £ is finite and hence erank(£) = 0. □ 

Lemma 37. Let S^Si, . . . ,3 m be forests such that $ is a box- augmentation of . . . ,5m) via 
V '■ YiiLi Si ~^ S- Let Ii be a chain of length m in Fi. The subforest < $ induced by n(Yl"Li Ii) 
is a chain of length m ■ n% • . . . ■ n m . 

Proof. We have to show that any two elements of are comparable. Let ai £ Ii be arbitrary and 
bi £ be the maximal element in Ii. Then 

n{a\,...,a m ) < i](b 1 ,a 2 , . . . ,a m ) < i](b 1 ,b 2 ,a 3 , . . . ,a m ) <■■ < n(b x , . . . ,b m ). 

Thus, all elements of are ancestors of 77(61, . . . , b m ). Since is a forest, they form a chain. □ 

Lemma 38. Let 3i be well-founded forests and £2, £3, ■ • ■ , £m disjoint unions of finite chains 
such that $ is a box- augmentation of £2, • ■ • , £m) via n : F\ x ]X_ 2 F ■ Let T± C F\ 

induce a tree %i and Ij C Cj a finite chain of length rij for each 2 < j < m. The subforest 5"' 
induced by r/(Ti x Yii=2 ^i) * s 2-1 where each node is replaced by a finite chain of length n% ■ ■ ■ n m . 

Proof. Let dj (resp. bi) be minimal (resp. maximal) in Ii for 2 < i < m. If Ti is a chain the result 
follows from Lemma 1371 Otherwise, we proceed by induction on the branching structure of the 
well-founded tree %\. 

We show that for all t, to,t\ £ T\ such that to and t\ are incomparable and t < to,t < 
ti, it holds that 7j(t, &2> • • • , b m ) < r)(ti, 0.2, ■ ■ ■ , a m ) f° r i £ {0,1}. Since to and t\ are incom- 
parable, also 77(^0 : 0-2, dm) and T)(ti, a-z, . . . , a m ) are incomparable due to the definition of 
a box-augmentation. It is clear that r)(t, b%, . . . , b m ) < r)(ti, b%, . . . , b m ) and r)(ti, 0.2, . . . , a m ) < 
r](ti, b 2 , ■ ■ ■ , b m ) for i £ {0, 1}. Since 5 is a forest, the predecessors of 77(^,62, • • • , b m ) are linearly 
ordered. Hence n(t, 62, • ■ • , b m ) and r\(ti, 02, ... , a m ) are comparable for i £ {0, 1}. It cannot occur 
that n(to, 02, ... , a m ) < rj(t, 62, • ■ • , b m ) < r/(ti, 02, ... , a m ) because the first and the last element 
of this chain are incomparable. Moreover, since r)(to,a2, ■ ■ ■ , a m ) and i](ti, 02, ... , a m ) are incom- 
parable, we cannot have rj(ti, 02, ... , a rn ) < rj(t, 62, ■ • • , b m ) for i = 1 and i = 2. Thus, we must 
have rj(t, &2, ■ • ■ , &m) < °2, ■ • ■ , a m ) for i = 1 and i = 2. 

By induction on the branching structure of %i it follows that 3"' is isomorphic to Ti where we 
replace every node by a finite chain of length ri2 • ■ • n m . □ 

Corollary 39. Let £2, . . . , £ m be finite chains, % a well-founded tree and $ a well-founded forest. 
If 5" is a box- augmentation of (T, £2, . . . , £ m ) then erank(^) = erank(T). 

Proof. The result follows from Lemma [SS] by setting %\ = $1 and Ij = £j in Lemma I3"51 Note that 
replacing nodes by finite chains in a tree does not change the erank. □ 

Having dealt with box-augmentations of chains, we now focus on box-augmentations of antichains. 
As said before we have to restrict our attention to tamely colorable box-augmentations. If a forest 
5 is a tamely colorable box-augmentation of n antichains then the depth of each tree in 5 is 
bounded by some constant that only depends on the tame colorings of the antichains and on n. 
For the proof of this fact we use the following corollary of Ramsey's theorem. 

Lemma 40. Let r be a finite set of size n > 1. There is a constant h n G N such that the following 
holds. Let 21 = (A, <) be some partial order. Assume that < = U 7 er -^7 * s ^ e disjoint union of 
relations i? 7 (each i? 7 need not be transitive). If A contains a chain C of length h n , then there 
exists 7 £ r and c\ < C2 < C3 £ C such that (cj, Cj) £ i? 7 for 1 < i < j ' < 3 
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Lemma 41. Let $ = (F, <) be a well-founded forest that is a tamely colorable box- augmentation 
of forests • ■ ■ >3n)- Let r\ : Yii=i Fi —> F denote the bisection corresponding to this box- 

augmentation. There is a constant c such that the following holds: For all choices of antichains 
Ai C Fi (for each 1 < i < n), the substructure of ^ induced by ^(IliLi^i) does not contain a 
chain of length c. 

Proof. For each 1 < i < n, fix a coloring 

tpi-.FiXFi-t Q 

of the pairs of and a function 

n 

{0,1} 

i=l 

which witness that $ is a tamely colorable box-augmentation. Moreover, set r = Yl7=i ^i- We 
decompose < = lj 7 er ^7 as follows. For f,f'eF with f < f and 7 = (ci, . . . , c„), let (/, /') e i? 7 
if there are fx, f[ € Fi, ...,/„, € F„ such that 

- / = ■ ■ - ,/n), 

- /' = *7(/{,...,/;),and 

- fi) = c * for eacn 

Now set c = hi r i as defined in Lemma I4TJ1 

Heading for a contradiction, assume that there is a chain of length c in ^dllLi A4) fo r -^i — F 
an antichain. By Lemma FUJI there exist 7 = (c 1; . . . , c„) £ F and three elements f 1 < f 2 < / 3 in 
this chain such that 

fR-yf for 1 < i < j < 3. 
By definition of a box-augmentation there are elements /* for 1 < i < 3 and 1 < j < n such that 

J7(/j ) ...,/;) = / i foreachl<i<3. 
We defined i? 7 in such a way that 

fj) = <Pi{fj, fj) = for each 1 < j < n. 
Moeover, since f 1 < / 3 , we have 

<Ps(ci, ■ • ■ ,c„) = 1 

Thus, 

<P3 (Mf?Ji),Mf2Jl), ■ ■ ■ ,<Pn(fnJn)) = ^ (ci , . . . , C„) = 1. 

Due to the definition of a tamely colorable box-augmentation this implies 

/' := viflfL ■■■Jn)< riUl fl ••••/;:; f- 

Since the elements below / 3 are linearly ordered, we conclude that /' and f 1 — r](fl , /j, ...,/*) 
are comparable. Recall that f\, . . . /*) embeds into 5- We conclude that f\ and are also 
comparable in Since A\ is an antichain, /* £ and /-j 2 6 A\ imply f\ = ff. Analogous 
arguments for the other coordinates show that f} = f 2 for each 1 < % < n. Hence f 1 = f 2 
contradicting f 1 < f 2 . □ 

For a some ordinal and c G N we denote as a ® c the c-fold natural sum of a, i.e., a®l=a and 
a® (n + 1) = (a£5>n) ©a. Combining the previous lemma with Lemma l38l we obtain the following 
bound for the erank of a Delhomme component in terms of the eranks of its Delhomme lines. 
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Proposition 42. Let S = (F, <) be some well-founded forest that is a tamely colorable box- 
augmentation of forests Sl> • • • jSra- There is a constant c such that 

erank(S) < ((erank(Sj) + 1) <g> c) + 1 

for some 1 < j < n. 

Proof. Let r\ denote the bijection of the tamely colorable box-augmentation of S- Since 5" is a 
forest, Corollary 1351 implies that at most one Sj is not a disjoint union of chains. Let Ri be the 
sets of roots of Si- For r G Ri we denote by T r (a tree) the connected component of r in Si- Let 
ri G Ri for 1 < i < n and f = (n, . . . , r„). Due to Lemma l38l ^(n"=i ^n) ^ s a tree with root 77(f) 
in S- We denote this tree by If. Let 21 = Ufe.Rix-x.Rn ^ ^ e tne disjoint union of all such trees 
If. Thus, S is obtained from 21 by adding certain edges connecting different trees of 21. 

Let a = (ax, . . . ,a n ) G 11™= 1 an d & S LJiLi such that 77(a) and 77(6) belong to different 
components and T F , q ^ f, such that 77(a) < 77(0). Since J is a forest, the nodes below 77(6) are 
comparable. Hence without loss of generality 77(g) < 77(f). Thus, nodes from different components 
of 21 are comparable only if the corresponding roots are comparable. 

Note that Ri is an antichain in Si . By Lemma 2JJ there is a constant c such that there are no 
chains of length c in ?7(i?i x • • • x R n ). Let T be a maximal connected component of S, i.e., some 
tree in S- For each chain £ (with domain C) in T, we have |C n ?7(i?i x • • • x R n )\ < c. Thus, we 
can partition the domain T of 1 as T = M\ U • • • U Md with d < c, where a G T belongs to Mi 
if and only if a belongs to the component T F of 21 and 77(f) is the i th root of 21 occurring in the 
chain from the root of T to a. Note that 77(f) must belong to this chain since 77(f) < d. Let SEJli be 
the substructure of T induced by Mj. 

Clearly, T is a sum-augmentation of (9Jti, . . . , 9Jt c ). Furthermore, every CtT^ is a disjoint union 
of trees (X^feNi for certain sets Ni C R 1 x ■ ■ ■ x R n , i.e., 971^ is a subforest of 21. To sec this, 
assume that there are a G Tq, d € 1 f with q,r G 2Vj, g 7^ f , and a and 6 are comparable in 50?i < T. 
By the above observation, this implies that the roots 77(g) and 77(f) are comparable. One the other 
hand, the definition of Mi implies that 77(g) and 77(f) are the i th roots of 21 on certain chains in 
the tree T, which implies that they are not comparable. 

Due to Corollary [351 there is 1 < j < n such that all trees in 21 have erank at most erank(Sj). 
Thus, erank(OTi) < erank(Sj) + 1. Due to Lemma [3T1 

erank(T) < erank(97li) © erank(OT 2 ) © • • • © erank(5!7t c ) < (erank(Sj) + 1) ® c. 

Since this bound is independent of the choice of 1, each tree in the forest S has erank at most 
(erank(Sj) + 1) €3 c. But this directly implies that erank(S) < ((erank(Sj) + 1) <8> c) + 1. □ 

Corollary 43. For every ordinal a, the ordinal uj a is simultaneously erank- sum- indecomposable 
and erank-tamely-colorable-box-indecomposable. 

Proof. We proved the erank-sum-indecomposability of uj a in Lemma [33l Now assume that S is 
a well-founded forest which is a tamely colorable box- augmentation of (Si,---,Sn)- and that 
erank(Si) < w° for all 1 < i < n. Without loss of generality assume that the erank of Si is 
maximal among the Si- There are natural numbers ni, ri2, ■ ■ ■ n k and ordinals a > ct\ > ■ ■ ■ > a k 
such that erank(Si) = w Ql • n\ + ■ ■ ■ + • n k (write erank(Si) in Cantor normal form). 
By Proposition |4"21 there is a number c G N such that 

erank(S) < ((erank(Si) + 1) ® c) + 1 = cu ai ■ ( ni ■ c) H h cu ak ■ (n k ■ c) + c + 1 < uj a . 

Thus, if erank(S) = w°, then one of the Si has also erank at least u> a . Since erank is monotone 
and Si is embedabble into S, erank(Si) = w° which completes the proof. □ 

Corollary 44. If 1 is a tree- automatic well-founded tree, then erank(T) < u) u . 
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Proof. Take an automaton A for the first-order formula tp(x,y) = (y < x). The class S(1,A) = 
{T s | s £ 7^'"} is the class of all subtrees of T. We claim that for each ordinal a with a < erank(T), 
there is a T £ 5(1, >t) with erank(T) = a. 

Let s be the root of T. We iterate the following process: assume that 1 S is a tree of erank 
at least a. If erank(T s ) = a then 1 S witnesses the claim. Otherwise, erank(T s ) > a and we 
can choose an ordinal (3 with a < (3 < erank(T s ). There must be a node s' > s such that 
f3 < erank(*X S ') < erank(X s ). Continue with s' instead of s. Since 1. is well-founded, this process 
terminates after finitely many iterations. But this can only be the case, if we have obtained a 
subtree of erank a. 

Due to Proposition [551 an d Corollary 331 this implies that there arc finitely many ordinals 7 
such that uf 1 < erank(T). Hence, for every tree-automatic well-founded tree, there is some i £ N 
such that erank(T) < uj i . □ 

Theorem [5j Corollary and the results from [T7] on the eranks of string-automatic trees imply 
the following bounds on the (ordinary) ranks of string- and tree-automatic trees. 

Corollary 45. For X = (T, <) a string-automatic (tree- automatic, respectively) well-founded or- 
der tree we have rank(T) < uj 2 (rank(T) < oj u , respectively) . 

Proof. For a string-automatic well-founded tree T, erank(T) is finite by [17 . Due to Theorem[Sl 

rank(T) < uj ■ i < to 2 

for some i GN. For a tree-automatic well-founded tree T, we have erank(T) < w w by Corollary |4"41 
Thus, there is some i £ N such that erank(T) < u/. Then 

rank(T) < u ■ <J + uj = uj i+1 + oj < uj u . 

follows from Theorem [S] 

Note that the above result contrasts with results on the ranks of string-automatic well-founded 
partial orders. Khoussainov and Minnes proved that the ordinal ranks of string-automatic well- 
founded partial orders are the ordinals strictly below (where the ordinal rank is generalized to 
all well-founded partial orders in the natural way, see Appendix |B|) 13 . Moreover, Delhomme's 
characterization of tree-automatic ordinals yields tree-automatic well-founded partial orders of 
ordinal rank a for each a < w w [5]. 

A well-founded forest is a partial order such that neither the ordinal w nor its reverse uj* 
can be embedded. One might conjecture that this property is the reason for the smaller ranks of 
well-founded string-automatic forests (< uj 2 ) in comparison to the class of all well-founded string- 
automatic partial orders (< But this intuition is wrong. In Appendix 151 we construct for each 
ordinal a < uj" a string-automatic partial order *}3 such that (i) neither uj nor uj* can be embedded 
into ^P, and (ii) rank(*P) > a. The same question for the tree-automatic case is open: 

Question 46. Given uj u < a < uj^ , is there a tree-automatic partial order of rank (or erank) 
a such that neither uj nor a;* can be embedded into 



4 Upper bound for the isomorphism problem for well-founded trees 

It turns out that the erank for well-founded computable trees yields an upper bound on the 
recursion-theoretic complexity of the isomorphism problem. Recall that we defined forests as par- 
ticular partial orders. For the isomorphism problem, it is useful to assume that also the direct 
successor relation is computable. When speaking of a computable forest in the following theorem, 
we mean a forest # = (F, <) such that F, <, and the direct successor relation E$ are all com- 
putableH Note that the direct successor relation of a tree-automatic forest is even tree-automatic, 
since it is first-order definable. 

5 On the other hand, if we would omit the requirement of a computable direct successor relation in 
Theorem 1471 then we would only have to replace the constant 2 in the theorem by a larger value. 
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Theorem 47. Let a be a computable ordinal and assume that a = \ + k, where k G N and either 
A = or A is a limit ordinal. The isomorphism problem for well-founded computable trees of erank 
at most a belongs to level ^+2(fe+i) °f ^ e hyperarithmetical hierarchy. 

Proof. Let us fix a well-founded forest # = (F, <). We define a computable infmitary 2J\ + 2(k+i) 
formula expressing $(x) = 3ty) for nodes x and y of 3" of erank at most A + k, where k G N and 
A = or A is a limit ordinal. This suffices, since the disjoint union of two computable trees is a 
computable forest. 

In the following, we write erank(a;) for erank(5'(a;)). Let E = E% be the direct successor relation 
of 5- For a node x G F let I(x) the set of finite subsets 7 C F satisfying x € I, y > x for all y £ I, 
and iix<z<yEl then also z G 7. Note that by LemmaSl the set of all y > x with erank(y) = 
erank(x) belongs to X(x). For a subset A C F let C(A) = {y G F \ A \ 3x G A : (x, y) G 7?}. Thus, 
C (A) are those children of A that do not belong to A itself. 

For every ordinal a we define a computable infmitary formula \so a (x,y) over J as follows: Let 

\soo(x,y) t?(^c) and $(y) are finite and isomorphic; 

this can be expressed by a £® formula. For a successor ordinal a + 1 le10 

iso a+ i(:E, y) -4=> 3/ G I(x) 3 J G X(y) 3 isomorphism / : # $ \j- 
Vz G 7 Vu G C(7) U C(J) W > 1 : 

(3^u G E(z)\I : \so a {u,v) <S=> 3^u G E(f(z))\J : \so a {u,v)) A 
Vu g C(7) U C(J) : \so a (u,u). 

Finally, for a limit ordinal a, we define 

iso a (x, y) 3/ G Z(x) 3 J G X(y) 3 isomorphism / : 3" |j— > # \j: 

f\ Vz G 7 Vu G C(/) U C(J) W > 1 : 

/3<a 

G E(z)\I : \sop(u,v) <=^> 3^ e v G E{f{z))\J : \so p (u,v)) A 
Vu G C(7)UC(J) : \J \sop(u,u). 

I3<a 

Note that isoA+fc is a <£a+2(/c+i) formula for k G N and A = or A a limit or dinalQ Hence, it suffices 
to show that if erankfx) < a and erank(y) < a, then $ \= \so a (x,y) if and only if $(x) = $(y). 
This is the content of Claim 2 below. First, we have to show the following claim. 

Claim 1. If $ \= \so a (x,y) then erank(a;) < a and erank(y) < a. 

We prove Claim 1 by induction on a. The case a = is clear because all finite trees have erank 0. 
Next, consider an ordinal a > such that the claim holds for all j3 < a. Assume that $ \= iso a (a;, y). 
Let 7 G T{x), J G Z(y), and the isomorphism / : $ |j— » 3 \j witness 3 \= iso a (x,y). Note that 
the last part of \so a (x,y) and the induction hypothesis implies that all elements of C(J) have 
erank less than a. Thus, all leaves of 7 have erank at most a. Since 7 is finite we can conclude 
(by induction on the depth of 7) that every element i € I has only successors of erank at most a 
and there are finitely many successors of erank exactly a. Thus, erank(i) < a for all z G 7 which 
especially implies erank(x) < a. For y we conclude analogously using J and C(J). 

6 We use 3- e x : ip(x) as an abbreviation for 3xi ■ ■ ■ 3xe : Ai<i<j< n x i x j A A™=i v( x i)' The quantifier 
3- e x can be encoded by an ordinary single existential quantifier. 

7 For \so a (u,v) a formula, the formula (3- e v G A : \so a (u, G B : iso a (M,ii)) is equivalent 
to the formula (3- e v G A : \so a (u,v) A 3- e v G B : iso Q (u, v)) V (^3- e v G A : \so a (u,v) A ->3- e v G B : 
\so a (u, «)). This formula is a disjunction of a S'i formula and a 77° formula and is therefore equivalent 
to a IIk+i formula. 
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Claim 2. If erank(a;) < a and erank(y) < a, then $ \= iso Q (:r, y) if and only if $(x) = S'(y). 

We prove Claim 2 by induction on a. Again, the case a = is clear. Next, consider a successor 
ordinal a + 1 and assume that erank(ir) < a + 1 and erank(y) < a + 1. Let us first assume that 
$(x) = and let g : $(x) — > $(y) be an isomorphism. Choose I G X(x) such that / contains 

all nodes z with z > x and erank(z) = erank(x). This set is finite by Lemma 2) The set J is chosen 
analogously for the node y. Then / = g is an isomorphism from # \i to # fj. We show that 
iso Q +i(a;, y) holds for 7, J, and /. 

Take arbitrary z £ I, u £ C(I) U C( J), and £ > 1. Hence, erank(u) < a + 1, i.e., erank(w) < a. 
We have to show that 

3^ e v £E(z)\I :\so a (u,v) <S=> 3-^ u e E(f(zj) \ J : \so a {u, v). (4) 

But for all v G -E(^) \ Z (resp. u G E(f(z)) \ J), we have erank(u) < a. Hence, by induction, Q is 
equivalent to 

3~ e v G E(z) \ I : $(u) = $(v) ^ 3- e v G E(f(z)) \ J : $(u) = $(v). 

This is clearly true, since our isomorphism g maps z to f(z) and the set / to the set J. Next, take 
an arbitrary u G C(I) U C(J). Since erank(w) < a, the induction hypothesis implies iso Q (u,it). 
This shows that # |= \so a+ i(x,y) holds. 

For the other direction, assume that 3" |= '^o a +i(x,y). We have to show that $(x) = 3(y). Let 
/ G I(x), J G X(y), and the isomorphism / : $ [j— > J fj witness 3 |= iso a+ i(a;, y). We know that 

Vm G C{I) UC(J) : iso Q (u,u) 

holds. Hence Claim 1 implies that erank(u) < a for all u G C(7) UC(J). Moreover, 

Vz G / Vu G C(I) U C( J) W > 1 : 

{3- e v G J5(z) \ I : iso a (>, v) <S=^ 3- £ w G \ J : iso Q (u, v)) 

holds. Since erank(w) < a for all u G C(I) U C(J), the induction hypothesis implies that 

Vze/Vue C(I) u C(J) W > 1 : 

(3^v G £(2) \ I : ff(u) SS $(v) <=► 3^ G £(/») \ J : - $(«)). 

Since / : J \i~ > -5 \j is an isomorphism, this implies easily that $(x) = 3(y)- This concludes the 
proof of Claim 2 for a successor ordinal a + 1 . 

Finally, take a limit ordinal a and assume that Claim 2 holds for all (3 < a. 

First, assume that $(x) = 3(y). Define g, I, J, and / as in the case of a successor ordinal. Take 
arbitrary (3 < a, z G I, u G C(J) U C(J), and £ > 1. Hence, erank(u) < a. Let erank(w) = 7 < a. 
We have to show that 

3- e v G E(z) \ I : \sop(u, v) 3- e v G E{f(z)) \ J : \sop{u, v). (5) 

If /? < 7, then Claim 1 implies that there is no v such that \sop(u, v) holds; whence the formula is 
trivially satisfied. For /? > 7, the induction hypothesis and Claim 1 imply that ([5]) is equivalent to 

3~ e v G E(z) \ I : 3(u) = $(v) ^=> 3^6%))\ J : ^ 

We can conclude as in the case of a successor ordinal. Moreover, since erank(it) = 7 < a the 
induction hypothesis implies that iso 7 (w, u) holds. Hence \l p <a iso^u, u) also holds. This shows 
that J |= iso Q (a;, y). 

For the other direction, assume that J |= \so a (x,y). We have to show that $(x) = S'(y). Let 
7 G I(a;), J G and the isomorphism / : $ \j— > ^ \j witness ^ |= iso a (a;, y). We know that 

Vu G C(J) U C{J) : \/ iso p (u, u) 

I3<a 
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holds. Claim 1 implies that erank(w) < a for all u G C(I) U C(J). Moreover, for all j3 < a, z 6 7, 
and all u 6 C(I) UC(J), 

(3^u G E(z)\I : \sop{u,v) <S=> 3^<u G E(f(z))\J : \so p (u,v)) 

holds. Especially, for /3 = erank(w) Claim 1 and the induction hypothesis imply 

(3^« G \ / : = <=> G £(/(*)) \ J : ff(u) S 

We can conclude as in the case of a successor ordinal. This concludes the proof of Claim 2 and 
hence the proof of the theorem. □ 

Corollary 48. The isomorphism problem for well-founded tree- automatic trees belongs to A~,u ■ 

Proof. By Corollary 3H the £® u formula Va<w" ^o a (x,y) expresses ${x) = $(y) for all x, y with 
erank(x), erank(y) < u u . 

Moreover, $ \= -^\so a (x,x) if and only if erank(a;) > a. Thus, for /3 = max{erank(a;), erank(y)}, 
-Asop{x,x)\/->isop(y,y)Visop(x,y) is satisfied in ^ if and only if $(x) =$(y). One easily concludes 
that the formula /\ a<u , u (^\so a (x,x) V ^\so a (y,y) V \so a (x,y)) expresses $(x) = $(y) for all 
x,y with erank(a;), erank(y) < w u . 

Due to Corollary 1441 the erank of every tree- automatic well-founded tree is strictly below cj w . 
Thus, the isomorphism problem for tree-automatic well-founded trees belongs to £®«, DTI^ = A^u . 

a 

In Appendix [A] we provide alternative formulas for expressing ${x) = $(y) in a well-founded 
forest. These alternative formulas are constructed inductively using the ordinary rank instead of 
the erank, which simplifies the proofs. Moreover, the formulas from Appendix [A] yield slightly 
better bounds for well-founded trees T with rank(X) = erank(T) (77° +2fc+1 instead of £\ +2 (k+i)- 
But if the erank is smaller than the rank, the formulas from this section yield better bounds. 

5 Lower bound for the isomorphism problem for well-founded trees 

In this section, we prove hyperarithmetical lower bounds for the isomorphism problem for well- 
founded tree-automatic trees. More precisely, we show that for every ordinal u/, there exists a 
well-founded tree 23 such that the set of all tree-automatic copies of 23 is hard for the class 77° f . 
Moreover, for the class of all well-founded tree-automatic trees, we prove that the isomorphism 
problem is Zi^-hard under Turing-reductions. 

5.1 Isomorphism for computable trees of rank < oj u 

Basically, our hardness proof is a reduction from computable well-founded trees to tree-automatic 
well-founded trees. For this, we make use of a construction from [KJ], which works for all com- 
putable ordinals. We use this construction only for ordinals strictly below u". In this section, a 
computable tree is a computable prefix-closed subset 6 C N> H We identify & with the tree 
(Sj where as usual ^ denotes the prefix relation. 

First, we have to fix a so called fundamental sequence for every limit ordinal < cj". Each 
ordinal a < uj u can be written in its Cantor normal form as 

a = uj ei ■ ni + Lj ei ~ 1 ■ rij-i + • • • + w ei • n>i, 

where > ej_i > • • ■ > e\ > are natural numbers and rij > for 1 < j ' < i. Assume that e± > 
so that a is a limit ordinal. Then 

a = supjafc | k > 1}, 



For technical reasons, it is useful to exclude 0. This makes the construction of tree-automatic copies 
easier. 
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where we define as 



ctfc = uj ei ■ m + uj ei ~ 1 ■ rii-i + • • • + uj e ' 2 ■ n 2 + uj Ci ■ (ni — 1) + w' 



,ei-l 



•fc + 1, 



(6) 



for k > 1. Note that au is a successor ordinal. 

Next, we define for every ordinal a < uj^ a computable well-founded tree & a C N> by 
induction on a. Let ©o = {t} be the tree consisting of a single node. If a = f3 + 1 < u" is a 
successor ordinal then 



Hence, consists of Ho many copies of <Sp together with a new root. Finally let q < w" be a 

limit ordinal with the fundamental sequence (ctk)k>i defined in ([6]). Then 



Thus, & a consists of all the trees © Qfc (k G N>o) together with a new root. By induction on 
a < w", it is straightforward to show that & a is well-founded and computable. Moreover, also the 
set of leaves leaves(6 Q ) C Nt, is computable. Let A C leaves(© Q ). Then, with (© a , A) we denote 
the structure consisting of the tree & a together with the additional unary predicate A. 

The following result is implicitly shown in jTOJ Proposition 3.2], where it is stated for all 
computable ordinals. But since we only defined fixed fundamental sequences for limit ordinals 
below ui u , we restrict to ordinals below lu u . 

Theorem 49. Given a limit ordinal a < w u and k £ N>o U {oo} (resp., a successor ordinal a < 
lo u ), one can compute indices of computable subset C leaves(© Q ) (resp., A a ,E a C leaves(© Q )J 
such that the following holds: 

From a natural number n G N and a 77° index (77, a, e) for a set P C N one can compute an 
index for a computable subset Tp !?l C leaves(© Q ) such that the following holds: 

— If a is a successor ordinal, then 



In Proposition 3.2 from [10], the computable subset A a C leaves(© Q ) is replaced by a computable 
tree A a Q ©a (and similarly for E a , L^,Tp^ n ). For our purpose it is more convenient to work 
with computable subsets of the leaves of the fixed tree © a . Nevertheless, the construction works 
analogously to the proof of Proposition 3.2 from [TO], except for the induction base a = 1. In 
|10) , the tree Ai consists of a single node and the tree £\ consists of a root with infinitely many 
children (i.e., Z\ = ©i). For the construction of 7p )n , one takes a computable enumerable subset 
P = {n | 3x : Q(x,n)} (i.e., the complement of a 77°-set), where Q is computable. Then the 
tree Tp yn consists of the root and x G N>o is a child of the root if and only if there exists y < x 
satisfying Q(y,n). Hence, l~p in = £\ if there exists x with Q(x,n) and 7p„ = A\ if ->Q(x,n) for 
all x. 

In our context, we define the subsets A\,E\, Tp. n C N>o = leaves(©i) as follows: let A\ = 0, 
Ei be the set of all even numbers, and Tp^ n = {2x \ By < x : Q(y, n)}. Then, we have (©i, 7p jrl ) = 
(©1,751) if there exists x with Q(x, n) and (Si,Tp >n ) = {&i,Ai) if -*Q(x, n) for all x. 



= {nu I n G N >0 , u G ©,3} U {e}. 



& Q = {ku I k G N> ,u G & ak } U {e}. 




If a is a limit ordinal, then 
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5.2 Tree-automaticity of the trees 

In this section, we show that all trees & u i (i > 1) from the previous section are tree-automatic. 
For this, we need the following lemma. 

Lemma 50. Let i > 1, n > 1, a < uj 1 . Then we have 

& a U {uv | u G leaves(6 Q ), v G 6 U ..„} = 6^. n+a . (7) 

Note that the tree on the left-hand side of ([7]) is the tree that results from the tree & a by replacing 
every leaf by a copy of the tree 6 u i.„. 

Proof. We prove the lemma by induction on a < uj 1 . The case a = is clear. Next, assume that 
a = 7 + 1 is a successor ordinal. Then 

&a = {nu | n G N>o, u £ 6 7 } U {e}. (8) 

By induction, we have 

6 7 U {tit; | u G leaves(6 7 ), u G 6 W >.„} = 6^.„ +7 . (9) 

Hence, we get 

& a U {uv | u G leaves(S Q ), v G © w ;.„} = {nu | n G N>o, w G © 7 } U 

{raA> | n G N >0 , u' G leaves(© 7 ), u G &^. n } U {e} 

= {tiw | n G N >0 , w G 6 w! .„ +7 } U {e} 

Finally, assume that a < uj" 1 is a limit ordinal with the fundamental sequence (ak)k>i- Then 
(u)' • n + a/c)fc>i is our fundamental sequence for the ordinal a/ • n + a. We have 

6, = {fctt|*€N> 0) B€6a k }U{e}. (10) 

By induction, for every k > 1 we have 

6 Qfc U {-uw | u G leaves(6 Q J,v G &^.„] = & u i. n+ah . (11) 

Hence, we get 

S Q U {t«j | it G leaves(6 Q ), v G © w *. n } ® {fcu | fc G N>o,w G 6 Qfc } U 

{ku'v | fc G N> ,u' G leaves(6 Qfc ),w G & u *. n } U {e} 

^ {few | fc g n >0 , w g e^. n+ak } U {e} 

— P; 

^u; 1 -n+a ' 

□ 

Now we can prove tree-automaticity of 

Lemma 51. For each i > 1, the tree 6^,. C Nt, is tree-automatic. Moreover, there is a unary 
tree- automatic copy (L, <) of together with an isomorphism f : & u i — > (L, <) such that f 
and / _1 are both computable. 

Proof. We prove the lemma by induction on i. Assume that we have already constructed a tree- 
automatic copy (L, <) of the tree 6 U . over a unary alphabet (i.e., L C 7^'" is regular) together 
with the computable isomorphism /. In addition, we assume that the root of (L, <) is the tree 
{e}; this property is preserved by the construction. We aim at constructing a unary tree-automatic 



24 



copy of Q^i+i with root {e}. Let us first construct a tree-automatic copy of the computable forest 
|+) n>1 6 u i. n - This forest is is isomorphic to the prefix relation on the domain {nu \ n > l,u G 
6j. n } C N^ . 

Define well-founded trees T„ for n > 1 inductively as follows. Let %\ = 6 W ; and let 1 n+ i result 
from the tree & UJ i by replacing every leaf by a copy of the tree T„. Formally, we define 

%i = {ui-' -Ujv | < j < n,ui, . . . ,Uj G leaves(6 w i),i; G 6 w i}. 

Lemma [50l implies T n = 6 W *.„ for n > 1. We will construct a tree-automatic copy of l+J n>1 Tn 
using (L, <). The universe of the this copy is the set L' of all trees of the form pref(lj™ =1 CPlij), 
where n > 1, ij., . . . ,t n G £ and there exists 1 < j < n such that t,- is a leaf of (L, <) for all j < i 
and = {e} for all j > i. Since the set of leaves of (L, <) is regular, the set L' is clearly regular 
too. We define a tree-automatic partial order <' on the set L' by comparing the U componentwise. 
Let t = pref(|J™ i 0*1*0 G L' and *' = pref(U™ = i 0*1*0 G Then t <' *' if and only if n = to and 
*i < *i for all 1 < i < n. From this construction, it follows easily that 

(£', <') = 1+) T„ = |+) 6 w i. n . 

n>l n>l 

The set of roots of this forest is {pref ((JILi 0*1) I n > !}■ Let us also define a computable isomor- 
phism /' : 1+J n > 1 '?n - ► {L',<') with a computable inverse. Take an element mo from l+l„> 1 'Jn, 
where n € N>o and w G % n . There exists a unique factorization w — u\ ■ ■ ■ UjV with < j < n, 
Hi, ... ,Uj G leaves(6 ClJ i), and v G 6 w i. Since the set leaves(6 w ») is computable, we can compute 
this factorization. Next, using the computable isomorphism / : © w ; — > (L, <) define the trees 
tk = f(uk) (l<k< j), tj+i = f(v), and t. ]+2 , . . . ,*„ = {e}. Then set f(nw) = pref(U™ =1 l l*i). 
It is straightforward to verify that this defines indeed an isomorphism from |+l n>1 T„ to (Z/, <'). 
Moreover, the inverse of /' is computable too (using the fact that / _1 is computable). 

Next, we derive from (L', <') a tree-automatic copy of the computable forest (+l n >j 6 W ;.„ +1 . 
This forest is isomorphic to the prefix relation on 

{nu | n G N >0 , u G &uj'-n+i} = N >o U {nmw \ n, m G N> , u> G 6 W *.„}- 

Note that in every node u G 7^ m of the forest (L', <'), the root of u has no right child (i.e., 1 g" it). 
Define the regular set of trees 

L" = {pref (0 n ) | n > 1} U {pref ({l m } U *) | * G £', to > 1}. 

On the set L" we define the partial order <" as follows. For u, v G -L", let u <" u if and only if 
either 

- u = pref({l m } Us),v = pref ({l m } U t) with s <' t or 

- u = pref(0 n ), v = pref ({l m } Ut) G L" with t of the form prefflj^i O'l^)- 

This order relation is clearly tree-automatic. Moreover, the construction implies that 
(L", <") = (N >0 U {nmw \ n, m G N >0 , w G S w i. n }, r<) = |+J 6 W *.„ +1 . 

n>l 

A computable isomorphism /" : 1+J n>1 S^.n+i — ^ (-^"j <") can be defined as follows. For a root 
n G N>o let f"(n) = pref (0 n ). A node nmu with n, to G N>o and m G & u t. n (hence, mu G © w *. n +i) 
is mapped to f"(nmu) = pref ({l" 1 } U i) with /'(nu) = t. Clearly, the inverse of /" is computable 
too. 

Finally, we add to the forest (L" , <") the root {e}; this gives us a tree-automatic copy of 
the tree S^i+i with root {e}. A computable isomorphism with computable inverse is obtained by 
extending /" by /"(e) = {e}. □ 
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5.3 Encoding .E^-sets of binary trees 

Theorem 021 and Lemma [51] show that the isomorphism problem for the following class of com- 
putable structures is 7T° i -hard for every i £ N: the class contains all structures of the form 
(V, Q,X) where (V, C) is the unary tree-automatic copy of @ w « from Lemma [BH and X is a com- 
putable unary predicate, which is moreover a subset of leaves(V, Q). By Lemma[5]we can moreover 
assume that V C 7bin, i-e., V consists of unlabeled full binary trees. 
Let us define the set 

7fef = {{S}U0U I U £ Tbin}- 

Thus, 7T e f contains all trees i £ 7^ ln , where the root of £ has no right child (1 £" i), the root has a 
left child (0 € t), and the subtree rooted at belongs to 7t>in, i.e., is a full binary tree. 

In this section, we will describe an encoding of ^-subsets of 7Tef by sets of tree-automatic 
trees of height 3. Actually, we will need this encoding only for computable subsets of 7f e f (instead 
of Z^-sets), but the proof of Lemma [52] is not simpler for a computable set B. 

Lemma 52. There exist two trees Uo and U\ of height 3 (Uq 9= U\) with the following property: 
From a given index of a S^-set B C 7Tef one can effectively construct a tree- automatic forest 
of height 3 such that: 

— The set of roots of "$b is 7Tef- 

— For every t £ 7Tef, = U ifteB and £n(t) ^U x ift<£B. 

Restricting to trees from 7Tef makes our encoding technically a bit simpler, and this restriction can 
be easily enforced later when we apply Lemma [52] 

We prove Lemma [55] using a similar statement for words from |17) . First, we have to introduce 
a notation from [17) . Let A = (Q, S, A, I, F) be a finite nondeterministic string automaton, where 
Q is the set of states, E is the input alphabet, ACQxSxQ is the set of transition triples, I 
is the set of initial states, and F is the set of final states. An successful run of A on a non-empty 
word w 6 S + is a word (q , a\, qi){q\, Cte, (fe) ■ • • (<7n-i> a n, In) over A such that q G /, q n £ F, 
and w — a\02 ■ ■ ■ a n . The language L(A) accepted by A consists of all non-empty words (for 
technical reasons, the empty word was excluded in [T7]) that have a successful run. We define a 
forest forest(.4) in the following. Clearly, (L(A), ^) (recall that ^< denotes the prefix relation on 
words) is a forest. The set of all leaves of the forest (L(A), ^) is again a regular language; let us 
denote this language with leaves(_4) C L(A). Then, we define the forest 

forest(^l) = (L(A) 1+1 {r G A + \ r is a successful run of A on some v E leaves(_4)}, <), 

where u < v if (i) either L(A) and ti^oor (ii) u G L(A) and v G A + is a successful run of 

A on some u> G leaves(^l) with u ■< w. Clearly, forest(^l) is string-automatic. Intuitively, we take 
the forest resulting from the prefix order on the regular language L(A) and append to each leaf 
v of (L(A), di) all successful runs of A on v as children. All these children are leaves in forest(^4). 
In [17j . the following lemma was proved. 

Lemma 53. There exist two trees Uq and U± of height 3 (Vq 9= Ui) with the following property: 
From a given index of a Z 1 " -set A C {0, 1}*1 one can effectively construct a finite string automaton 
A (over an alphabet S with 0, 1, jj £ such that $a = forest (^4) is a forest of height 3 with the 
following properties. 

— The set of roots of$A *s {0, l}*l(t- 

— For every w G {0, 1}*1, dA^f) = Uq if w £ A, and ^(wD) = U± if w £" A. 

In order to prove Lemma [521 using Lemma [BUI we have to encode trees from 7f e f by words. A tree 
t £ 7t>in can be encoded by a non-empty bracket expression, i.e., a word over the alphabet {(, )}. 
Here, we view such a bracket expression as a binary string by identifying ( with and ) with 1. 
Thus, we define a nonempty word word(i) £ {0, 1} + as follows: Consider a depth-first left-to-right 
traversal of t. Each time, we move from a node v to one of its children, we write down the digit 0. 
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Each time, we move from a node vi to its parent node v, we write down the digit 1. The resulting 
word is word(t). Formally, let word({£}) = e and for t € Tbin \ {{e}} such that t = {e} U Oil U lt 2 
let 



This mapping word is clearly injective. Finally, for t — ({e} UOu) G 7Tef with u G 7bin let word(i) = 
Oword(u)l. Also the mapping word : 7f e f — > 0{0, 1}*1 is injective. 

Let us now fix an alphabet U such that 0,1,(1 £ E (as in Lemma I53[) . Take a word u> = u$v 
with u G {0, 1}*, u e £* and u = word(t) for some tree t G 7Tef ■ Note that the root of t has no 
right child in t. For 1 < i < \v\ let a, be the i th symbol of v. We encode w by the I7-labeled tree 
tree(w) = (T, A) G 7^'^, where 



Note that tree(word(t)(j) = i, since we identify an unlabeled tree with a tree where all nodes are 
labeled with jj. 

Lemma 54. From a given string automaton A such that L(A) C S* one can construct effectively 
a tree automaton B over U such that for every tree t G 7Tef and every word v G S* the following 
holds: The number of successful runs of A on the string word(t)jju equals the number of successful 
runs of B on the tree tree(word(t)((u). 

Proof. Let A = (Q, S, A, I, F). Note that tree(word(£)tJu) consists of the tree t to which we add 
at the root a right branch of length |u|. The i th node on this branch (we start counting in the 
root) is labeled with the i th symbol of §v. Essentially, the tree automaton B simulates a tree- 
walking automaton VV (see [6] for a survey, but we do not need a formal definition of tree walking 
automata) that walks over the tree tree(word(£)$v) in depth- first left-to-right order. Thereby, VV 
simulates the string automaton A. The automaton W starts in the root of the tree. In a first phase 
(which is finished if VV returns to the root), VV behaves as follows: each time, VV moves down in 
the tree (towards the leaves) , it simulates a 0-labeled transition of A, and each time, VV moves up 
in the tree (towards the root), it simulates a 1-labeled transition of A. After the first phase, the 
tree t is fully traversed and VV goes into the right branch of tree(word(t)flw) (which is labeled with 
the word jju) and continues the simulation of A. 

Here is a formal definition of the tree automaton B = (Q' , A', I', F'), which simulates a tree- 
walking automaton VV with the above behavior. Fix an arbitrary final state qf £ F. The state set 



the set of initial states is /' = I x Q, and the set of final states is F. The set of transitions is 
A' = Ax U A 2 U A 3 , where 

= {((Pi>P2),tt, {qi,q2,qs),r) \pi&I, (pi,0,q{), (93, 1,^2), (p>2,tl,r) e A}, 
A 2 = {((pi,P2,P3),tt, (<?i, 92,93), (ri,r 2 ,r 3 )) | (pi,0,gi), (q 3 , l,p 2 ), {p 2 ,0,n), (r 3 , l,p s ) e A} U 
{((p,p,p)4,qf,qf) I p e Q}, 

^3 = {(p,a,q f ,q) | (p, a, q) e A}. 

With the transitions in A\ we split the simulation of the tree-walking automaton into its first and 
second phase, i.e., p 2 in A\ is the state reached by the tree- walking automaton after traversing the 
tree t. The transitions in A 2 simulate the transversal of t, whereas the transitions in A3 simulate 
the the string automaton A on the right flu-labeled branch. □ 

Let us now prove Lemma l52l 



word(i) = 0word(ti)10word(f2)l- 



T = t U {F I 1 < i < H} 



(12) 




(13) 



of B is 



Q' = (QxQxQ)U(IxQ)UQ, 
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Proof of Lemma\M Fix a E$-set B C 7Tef- Then the set A = word(£) C 0{0, 1}*1 belongs to 
as weu (the range of the word-mapping is computable and on its range, the inverse of word is 
computable too). Therefore, we can apply Lemma l53l to the set word (73). We obtain (effectively) 
a finite string automaton A (over an alphabet E with 0, 1, jj G E) such that #A — forcst(_4) is a 
forest of height 3 with the following properties. 

- The set of roots of $ A is {0, l}*ljj. 

- For every w G {0, 1}*1, $ A (wft) = U a if w G A, and $a(ui#) = Ui if w g" A. 

To the string automaton A we next apply Lemma [54] We obtain (effectively) a tree automaton B 
over E such that for every tree t G 7f e f and every word v G Z 1 * the following holds: The number 
of successful runs of A on the string word(i)JJu equals the number of successful runs of B on the 
tree tree (word (t)$v). Since A accepts every word from {0, l}*l(j (this set is the set of roots of 3U)> 
B accepts every tree t G 77ef • 

By taking the product with a deterministic tree automaton that accepts the set of trees 
{tree(word(i)JJu) | t G 7i e f,v G (which is regular), we can assume that 

L(B) C {tree(word(t)tiu) f G % f ,v G £*}. 

For trees t\ = tree(word(i)|jwi), t% = tree(word(i)jjv2) let us write t\ C £2 if i>i is a prefix of «2- 
Clearly, this is a tree-automatic relation. Let 

max(£>) = {t G | there does not exist t' G with t C t'}; 

this set is regular as well. We can now construct a tree-automatic forest $b of height 3 as follows. 
The set of nodes of $b is 

L(B)U (J Run(B,t). 

t£max(5) 

Since max(£>) is regular, this set is regular too. The order relation of the forest $b is the tree- 
automatic relation 

E U {(t,p) | 3u G max(B) Run(/3,w)}. 

The set of roots of 3\b is (as required) 7T e f- Moreover, for every tree t G T\ e f, the construction 
directly implies that S's(f) = ^(word^Jj). Hence, for every tree i G 7F e f we have S^s(t) = Uq if 
and only if 3U(word(t)jj) = /7o if and only if word(t) 6 i = word(73) if and only if i G B, and 
similarly, $B{t) — U\ if and only if £ g" 73. □ 

5.4 Hardness for the isomorphism problem 

Hardness of the isomorphism problem for well-founded tree-automatic trees is established through 
the following theorem. 

Theorem 55. From a given i G N>o, one can compute a well-founded tree- automatic tree QJi such 
that the following holds: From a given Ll^-set PCM (represented by a 77°; index) and n G N one 
can compute a well-founded tree- automatic tree 2Up !rl such that n G P if and only if 03^ = 2Up !rl 

Proof. Fix i > 1, an arbitrary 77°; -set PCN, and n G N. According to Theorem l49l there exists 
effectively a computable subset Li = C leaves(6 w i) such that the following holds. From an 
index for P and n one can compute an index for a computable subset Tp_ n C leaves((5 w ;) such that 
(G^i, Li) = (© w «,Tp n ) if and only if ri G P. By Lemma I51[ the tree (5^; is tree-automatic and 
there exists a unary tree-automatic copy (S, <) of <S u i together with a computable isomorphism 
/ : & u i — > (S, <) such that / _1 is computable too. Moreover, by Lemma [6] we can assume 
that S C 7bi n . Finally, by applying the computable mapping t i— > {e} U Ot on 7bi n , we can even 
assume that S C 7Tef- Since the inverse of this mapping is computable too, there still exists a 
computable / : <5 u i — ► (5, <) with / _1 computable as well. Hence, the sets L\ — f(Lj) C 5 
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and T' Pn — f(Tp n ) C S are computable and in particular Z!®- We have n E P if and only if 
{S,<,L'i) = {S,<,T> p>n ). 

Next, using Lemma 15121 we obtain two trees Uq and Z7i of height 3 and from the indices of the 
computable sets L[ and T' Pn , we can compute two tree- automatic forests Gi and Hp n of height 3 
such that the following holds. 

— The set of roots of Gi (resp. Hp^ n ) is 7Tef ■ 

— For every t € 7T e f, G;(£) = Z7o if t 6 and = U\ otherwise. 

— For every t 7? e f, Hp,n{t) = Uo H t £ T' p n and ifp, n (£) = U\ otherwise. 

Note that by Theorem[71 leaves^, <) is a regular set of trees since it is first-order definable in the 
tree-automatic tree (S, <). Let G- (resp. H' Pn ) be the restriction of the forest Gi (resp. Zfp, n ) to 
those trees with a root from leaves(S l , <). It follows that G[ and H' Pn are again tree-automatic 
forests of height 3. Moreover, we can assume that the intersection of the domains of G' i (resp. 
H' Pn ) and S equals leaves^, <). Finally, let 03; (resp. Wp <n ) be the well-founded tree-automatic 
tree obtained from the union of G\ (resp. H' Pn ) and (S, <). Hence, 03; (resp. 2Bp in ) results from 
the tree (S, <) by (i) replacing every leaf which belongs to L- (resp. T' Pn ) by the tree-automatic 
height-3 tree Uq and by (ii) replacing every leaf which does not belong to L ■ (resp. T' P n ) by the tree- 
automatic height-3 tree U\. Since Uq^U\, we have n € P if and only if (S, <,iQ — (5 1 , <,T' Pn ) 
if and only if 23, = 2Up,„. '□ 

Theorem 56. The isomorphism problem for well-founded tree- automatic trees is A^-hard under 
Turing-reductions. 

Proof. Let <!> e be a total computable function that maps i € N to an ordinal notation a% G O with 
\ai\o = w\ Hence 3 • 5 e is an ordinal notation for u". Recall that consists of all sets that are 
Turing-reducible to 

H (3 • 5 e ) = {(a, n) \ a < 3 ■ 5 e , n e H(a)}. 
This set is Turing-reducible to 

A = {(i,n) | i > l,n € fl"(a,)}. 

To see this, take a pair (a, n) . First, check whether a <o 3 • 5 e . Since the set {b € O | b <o 3 • 5 e } is 
computably enumerable [2 Prop. 4.10], this is effectively possible using the halting problem as an 
oracle. Clearly, the halting problem is computable in H(a\) = H(oS) and hence in A. If a <o 3 • 5 e , 
we can compute effectively i G N with a <o Simply enumerate all sets P>i = {b € O \ b <o en} 
until a is found. Having i £ N with a <o &i we can finally compute m such that m € H(a,i) if 
and only if n G if (a) (more precisely, from a, € O one can compute an index for a many-one 
reduction of H(a) to H(ai) [20, p. 437]). 

Finally, we reduce the set A to the isomorphism problem for well-founded tree-automatic trees. 
Take a pair (i, n). From i, n (and a ff°; index for the Zi^i-set H(ai), which can be computed from 
i) we can compute by Theorem [55] two well-founded tree-automatic trees 03 and 2U such that 
n 6 H(ai) if and only if 03 = 213. Hence, (i, n) G A if and only if 03 = 213. This proves the theorem. 

□ 
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A Alternative formulas for rank replacing erank 

Theorem 57. Let a be a computable ordinal and assume that a = A + k, where k 6 N and A 
is not a successor ordinal. The isomorphism problem for well-founded computable trees of rank at 
most a belongs to level n® +2k+1 of the hyperarithmetical hierarchy. 

Proof. Let us fix a well-founded forest # = (F,<). We will define a computable infinitary -Z7° +2fe+1 
formula expressing $(x) = $(y) for nodes x and y of # of rank at most A + k, where k £ N and 
A = or A is a limit ordinal. This suffices, since the disjoint union of two computable trees is a 
computable forest. 

Let E = Eg be the direct successor relation of For every ordinal a we define a computable 
infinitary formula \so a (x,y) over J as follows: Let 

isoo(a;, y) ■<=>• Vz : ->x < z A ->y < z. 
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This is a II® formula. For a successor ordinal a + 1 let 

iso Q+ i (x, y) Mu G £(x) U W > 1 : 

(3- e v G £(x) : \so a (u,v) <^> 3- e v G : iso a («,«)) A 
Vu G 7?(x) U 7?(y) : iso Q (u, u). 

Finally, for a limit ordinal a, we define 

iso Q (a;, y) f\ Vit G E(x) U W > 1 : 

/3<Q 

(3~ e v G £(x) : iso,g(u, v) <=4> G J5(y) : \sop(u,v)) A 
Vw G E(x) UE(y) : \J \sop(u,u). 

Note that iso^+fc is a n® +2k+1 formula. Hence, it suffices to show that if rank(x) < a and rank(y) < 
a, then J \= \so a (x,y) if and only if $(x) = S'(y). This is the content of Claim 2 below. As an 
auxiliary step we show the following claim. 

Claim 1. If J |= \so a (x,y) then rank(x) < a and rank(y) < a. 

We prove Claim 1 by induction on a. The case a = is clear because trees of rank do only 
consist of one node. Next, consider an ordinal a > such that the claim holds for all (3 < a. 
Assume that J (= \so a (x,y). Note that the last part of \so a (x,y) and the induction hypothesis 
imply that all successors of x have rank less than a. Thus, rank(x) < sup{/3 + 1 | (3 < a} = a. For 
y we conclude analogously. 

Claim 2. If rank(x) < a and rank(y) < a, then $ \= iso Q (x, y) if and only if 3(x) = 3(y). 

We prove Claim 2 by induction on a. Again, the case a = is clear. Next, consider some ordinal 
a > and assume that rank(x) < a and rank(y) < a. 

First assume that $(x) = $(y). Fix fj < a, u G E(x)\JE(y), and £ > 1. By assumption, we have 
rank(it) < a. Furthermore, due to Claim 1, if (3 < rank(w), then there is no v such that \sop(u,v) 
holds. Thus, in this case 

(3- l v G E{x) : \sop(u,v) 3- e v G E(y) : \sop(u, v)) . 

holds. Moreover, if rank(w) < (3 < a, then Claim 1 and the induction hypothesis imply that 

3- e v G E(x) : \sop(u,v) ^==> 3- e v G E(y) : \so/3(u,v) 

is equivalent to 

3&v G E(x) : £* G B(y) : = 

Since ^(x) = ^(y) the latter is clearly satisfied. Moreover, by induction hypothesis for each u G 
E(x)UE(y) we have iso ran k( tl ) (u, u). Hence \J p <a iso^it, u) holds as well. Thus iso Q (x, y) is satisfied. 

For the other direction, assume that # |= \so a {x,y). Then for each u G E(x) U -E(y), there is 
some (3 < a such that iso^(u, u) holds. Due to Claim 1 this implies that rank(w) < a for each child 
u of x or y. Due to the induction hypothesis and Claim 1, for all rank(u) < (3 < a 

3-^v G E(x) : \S0[j(u,v) <=^ 3- e v G E(y) : \sop(u,v) (14) 

is equivalent to 

3^v G 75(x) : $(u) S ff(t;) G : ff(u) = (15) 

Since iso Q (a;, y) holds, for each u G E{x) U there is a rank(u) < /3 < a such that (fT4"l) holds. 
Hence, (IT51) holds for all children u of x or y, which implies that S'(x) = T?(y). □ 
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Remark 58. If we are only interested in the isomorphism problem for trees of rank A for a limit 
ordinal A it suffices to consider the formula 

iso Q (x, y) f\ Vu e E(x) U E(y) W > 1 : 

(3- e v S E(x) : \sop(u,v) 3- l v G E(y) : isc)g(M, u)), 

which is LT®. This is because if the rank of the root is bounded by A, any child of the root has 
rank strictly below A and satisfies \sop(u, u) for some /3 < A. For erank this trick does not work 
because the initial segments I and J may be chosen in the wrong way. 

B Rank and erank on partial orders 

We know that the ranks and eranks of string- automatic forests are strictly below lo 2 and u>, 
respectively, see Corollary [35] and [T7] . We know from [T3] that the ranks of string-automatic 
partial orders grow up to every ordinal below cj w . The ordinal u n is a string- automatic partial 
order of rank uj n . In the following, we consider well-founded forests as well-founded partial orders^ 
Every well-founded forest is a well-founded partial order without infinite chains because the path 
from any node to its corresponding root is of finite length. In the following, we investigate the 
ranks and eranks of well-founded partial orders without infinite chains. For the string-automatic 
case we construct such orders with erank and rank above any ordinal strictly below lo u . This 
means that for well-founded string- automatic partial orders the ranks of orders without infinite 
chains can grow as much as for arbitrary well-founded string-automatic partial orders. 

The analogous question for tree- automatic well-founded partial orders remains open: Is there 
for every a < u) u a well-founded tree-automatic partial order without infinite chains that has 
erank or rank above a? 

Let us first adapt the notions of rank and erank to well-founded partial orders. 

Definition 59. Let CP = (P, <) be a well-founded partial order. A ranking of is an ordinal 
valued strictly monotone map f with domain P. This means that pi < p2 implies f{pi) < f{j>2). 
The /-rank of ^ is sup{/(p) | p G P}. The rank of *}3 is the minimum of the f -ranks for all 
ranking functions f. The rank of is also called its ordinal height. It can be defined equivalently 
by considering the ranking function rank inductively defined by (let sup(0) = 0) 

rank(p,«P) = sup{rank(p', «$) + 1 | p < p E P}. 

The rank of <}3 is then 

rank(*P) = sup{rank(p, *£) p G P}. 

We define the ordinal valued erank of a node p G P inductively by 

erank(p, = sup{a + 1 | 3°°p' : p' < p and erank(p',*P) > a}. 

The erank of ^ is then 

erank(<P) = sup{a + 1 | 3°°p G P : erank(p, <£) > a). 

Remark 60. It is easily shown that this definition of rank and erank coincides with the one given 
for forests if is a forest. Moreover, note that if has a global maximum p m , i.e., if p < p m for 
all p G P, then rank(*P) = rank(p m , and erank(*P) — erank(p m , 

The following lemma generalizes Lemma[S]from well-founded trees to arbitrary well-founded partial 
orders; the proof is essentially the same: 

9 Well-foundedness of partial orders is usually understood as the absence of infinite descending chains. 
Thus, we consider the root of a tree to be its maximal element throughout this section. 
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Lemma 61. For *p a well- founded partial order, we have rank(Cp) < oj ■ (erank(*P) + 1). 

Proof. Let *p = (P, <). We first prove by induction that rank(p, *p) < oj ■ (erank(p, <P) + 1) for 
each p G *p. If erank(p, <P) = then {p 1 \ p' < p] is finite. If the size of this set if k G N, then 
k + 1 < oj ■ (0 + 1) is an upper bound on rank(p, *P). 

Assume now that for all p € P, erank(p, *$) < a implies rank(p,Cp) < oj ■ (erank(p, *P) + 1). Let 
p G P with erank(p, *P) = a. We have to show that rank(p, *P) < cj • (a + 1). 

Set Af p = {p' < p | erank(p',q3) = erank(p,<P)} and 7V P = {p' < p \ p' £ M p }. By definition 
of erank, M p is a finite convex set and the rank of all elements in N p is strictly below oj ■ a. Let 
\M p \ = k G N. Thus, we get 

rank(p, *P) <w-a + /c + l <w-a + w = a; - (a + 1). 

Now let a = erankf^P). This implies that \{p G P \ erank(p, *p) = a}| < fc for some k G N. Hence, 
all but A: elements of *P have rank strictly below oj ■ (/3 + 1) < w • a for some /3 < a. It follows that 
all elements of have rank at most oj ■ a + k. Hence, rank(Cp) < oj ■ a + oj = uj ■ (a + 1). □ 

Remark 62. Note that we do not restrict the partial orders in the previous lemma to those without 
infinite chain. Recall that in the case of forest the erank counts the nesting of infinite branching in 
the tree. This intuition still holds for partial orders without infinite chain. In contrast, the ordinal 
oj + 1 has erank 1 and the ordinal oj ■ 2 has erank 2 even though there is no branching in the sense 
of the existence of incomparable elements. 

We aim at proving the following two lemmas. 

Lemma 63. Let *}5 = (P, <) be a string- automatic well-founded partial order without infinite 
chains. Then there is a string- automatic well-founded partial order Vji without infinite chains such 
that 

erank(<p) = rank(<p) = rank(qj). 

Lemma 64. Let *}5 = (P, <) be a string- automatic well-founded partial order without infinite 
chains. Then there is a string- automatic well-founded partial order *}5 = (P, X) without infinite 
chains that 

erank(<£) > erank(«p) and rank(<p) > oj ■ erank(<P). 
By induction we obtain the following corollary. 

Corollary 65. For every i 6 N there is a string-automatic well-founded partial order without 
infinite chains such that erank(*Pi) > uj % and rankfPi) > oj 1+1 . 

Proof. Let *Po be the disjoint union of finite chains of arbitrary length. This is a string-automatic 
well-founded partial order without infinite chains. Moreover, erank(*Po) =1 = oj° and rank(*Po) = 
oj = oj 1 . 

For the induction step, assume that ^ is a string-automatic well-founded partial order without 
infinite chains such that erank(*Pi) > uj % and rank(*P;) > oj 1+1 . An application of Lemma |6"31 yields 
a string-automatic partial order *P' without infinite chains such that 

erank(qj') = rank(«p') = rank^) > oj 1+1 . 

Finally, an application of Lemma [64] to CP' yields a string-automatic partial order *Pi+i without 
infinite chains such that erank(CPi + i) > erankpp') > oj 1+1 and rank(*Pi + i) > oj ■ erank(*P') > oj 1+2 . 

Recall that for every string-automatic well-founded partial order the rank is strictly below oj" . 
Corollary 1651 shows that restricting to partial orders without infinite chains does not lead to a class 
of simpler orders with respect to the occurring ranks. Let us now prove the lemmas. 
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Proof of Lemmo Xb^K The basic idea is that we make infinitely many copies of the order = (P, <) 
where we order all copies in parallel, i.e., two elements p,p' from distinct copies of P are comparable 
iff they were comparable in the original *p. 

In order to avoid offests of +1 between ranks and eranks, we have to be a bit careful. Thus, 
as a preliminary step, we replace *P by an order of the same rank such that has a global 
maximal element p max . We then apply the the basic idea to the structure *P' \ {p m ax} and add p m ax 
as global maximal element again. The resulting structure *}3 satisfies the lemma. 

Note that since cu does not embed into ^P, for each p € P there is a (local) maximal element 
p 1 > p in P, i.e., there is no element p" > p' in P. Let M C P be the set of local maximal elements 
of *p. Let = (P \ M U {p max }, <) be the partial order obtained from Cp by removing all maximal 
elements and adding a new global maximal element p max . Note that 

rank(«Jj') = rank(p max , 

= sup{rank(p,«p) + 1 | p € P\M} 

= sup{sup{rank(p,«P) + 1 \ p< p m ] \ p m e M] 

= sup{rank(p m ,«P) | p m e M} 

= rank(«P). 

Let P = {p m ax} U (P\M) x N. For all pi,P2 £ P, «i, «2 £ N, we set (pi,m) -< (p2, H2) if and only 
if pi < pi in Moreover, let p < p m3X for all p £ (P \ A/) x N. 

It is clear that *}3 = (P, (where < = -< U{(x,x) 1 e P}) is a string-automatic partial 
order, because 

— the set of maximal elements M of and its complement P\M are regular sets, 

— (P \ {pmax}, -*0 is the product of the string-automatic structure (P \ M, <) and the string- 
automatic infinite clique (N, NxN), and 

— adding a maximal element to a partial order preserves string-automaticity. 

Moreover, *}3 does not contain an infinite chain because any infinite chain in *p would induce an 
infinite chain in *}3 if the elements were projected to their first components (an infinite chain in *}3 
cannot contain the maximal element p max because the chain would stop at this point!). 

By induction, one sees easily that for all p € P \ M and n € N we have rank((p, n), *p) = 
rank(p, ty'). We conclude immediately that 

rank(qj) = rank(p max , 0) 

= sup{rank((p,n),<$5) + 1 | (p,n) S (P\M) x N} 
= supj/ank^,^') + l\ pe P\M} 
= rank(p max ,«p') 
= rank(qy) 
= rank(q3). 

Let us finally prove erank(*}2) = rank(*P). By induction on rank((p, n), <$) we prove rank((p, n), Cp) = 
erank((p, n), <p). If rank((p, n), *p) = 0, then (p, n) is minimal in *p and hence erank((p, n), *p) = = 
rank((p, n), Now assume that for some ordinal a > and all (p, n) 6 P with rank((p, n), *p) < a 
we have erank((p, n),<p) = rank((p, n), *p). Let (p, n) 6 P such that rank((p, n), *p) = a. This 
implies that for all (p 1 ,n') G P with (p',n') -< (p,n), 

rank ^(p',r7,'),Cp^ < a and 
sup{rank((p',rc'),0) + l I (pV) -< (p,n)} =a. 
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Recall that rank((p', n'), *P) = rank(p, Thus, every rank occurring below (p, ri) occurs infinitely 
often. Hence, we get 

a = sup{/3 + 1 | 3°°(p',ri) £ P : (p',ri) -< (p,ri) and rank((p', ri), <$$) = /3} 

which is by induction hypothesis equivalent to 

a = sup{j8 + l | 3°°{p',ri) : (p',n r ) -< (p,ri) and erank((p',n'),$) = /?} 
= sup{/3 + l | 3°°(p',n') : (p',n') -< (p,n) and erank((p', ri), «JJ) > /3}. 

We conclude that, erank((p, n), *p) = a = rank((p, n), ^3). Thus, if a node from P\ {p max } has 
crank a in P then its infinitely many copies have rank and erank a. We therefore get 

erank(*P) = erank(p max , 0) 

= sup{a + 1 | -< p max : erank((p, ri), 0) > a} 

= sup{a + 1 | 3(p, n) -< p max : rank((p, n), *JJ) > a} 
= sup{a + 1 | 3{jp, ri) -< p max : rank((p, ri), = a} 
= rank(p max ,<}3) 
= rank(<P). 

This concludes the proof of the lemma. □ 

Proof of Lemma^ffQ The idea is as follows. Take p,p' 6 P where one is a direct successor of the 
other. Put between p and p' pairwise incomparable chains of length n for every n£N. 
Let P = P U {{p, k,l):pEP,k,leN,l< k}. For p,p' £ P set p ^ p' if and only if 

1. £ P and p < p', 

2. p £ P,p' = {p 1 , k, I) and p < p' , 

3. p — (p, k, l),p' £ P and p < p' , or 

4. p — (p, k, l),p' = {jp 1 , k' , V) and either p < p' or p — p', k — k' and I < I'. 

Then *p = (P, <) is easily shown to be a string-automatic well-founded partial order. The partial 
order does not contain an infinite chain: Note that there are only finite chains where each element 
is of the form (p, k, I) for fixed p and arbitrary k and I. Thus, if there were an infinite chain in *}3, 
the projection of each element to its first component would give an infinite chain in 

Since *P = ^3 \p, we get erank(<}3) > erank(*P). Next, we prove by induction on erank(p, *p) 
that rank(p, *P) > ui ■ erank(p, ty). If p £ P is a node such that erank(p, = then rank(p, <$) > 
= u) ■ 0. Now assume that for some ordinal a and all p £ P with erank(p, <$) = /3 < a we have 
rank(p, <$) > uj- f3. Let pePbe such that erank(p, *p) = a. We make the following case distinction. 

Case 1. a is a successor ordinal. Then there is some node p 1 £ P with p 1 < p and erank(p', *p) + 1 = 
a. By induction hypothesis rank(p',*P) > cj ■ erank(j/, We conclude immediately that 

rank((p', n, ri), tfi) > u ■ erank(p', *p) + n 

for each nCFI. Since (p', n., ri) -< p for all n £ N, we conclude that 

rank(p, *p) > w • erank(p', *p) + cj = cj • a. 

Case 2. a is a limit ordinal. Then there is a sequence (pi)igN with j>j < p, sup{erank(pi, = a, 
and erank(pj,^P) < a for all i G N. Thus, 

» Ind 

rank(p, <$) > sup{rank(p i5 > sup{w • erank(j>i, > w • /3 
for each j3 < a. But this implies rank(p, *p) > cj • a. 
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From these observations, we directly conclude that rank((p, n, n),^) > ui ■ erank(p, + n for 
all p £ P and all neff. We conclude by the following case distinction. 

Case 1. erankCP) is a successor ordinal a + 1. Hence, there is a node p £ P with erank(p, <$) = a. 
We conclude that rank((p, k, k), <$) > w • a + k. Thus, 

rank(^P) > sup{w - a + k\ keN}=uj-a + uj = uj-(a + l)=uj - erank(*P). 

Case 2. erank(<}3) is a limit ordinal a. Hence, for each /? < a there is a p € P such that erank(p, > 
/3. Thus, rank(p,0) > w • /3. But then 

rank(*P) > sup{w - (3\(3<a}>uj-a = uj - erank(^). 
This concludes the proof of Lemma [MJ □ 
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